Continuous-time Convolution

24.

The input x(#) and the impulse response A} of a continuous time LTI system are

given by
x{t) =ult) hit)=e “u(t),a>0
{a) Compute the output v(¢t) by Fq. (2.6).
(h) Compute the output vit) by Eq. (210,
{a) By Eq. (2.6}
vin)=c(e)ehit) = [ x(r)h(t—7)dr
Funetions x{7)and filr — 7 b are shown in Fig. 2-4la) for ¢+ <0 and ¢ > 0. From Fig. 2-4(a)
we see that for ¢ < (), x{=) and flr — r} do not overlap, while for ¢ > 0, they overlap from
=010 7=t Hence, for t <0, ¥t =10 For >0, we have
y(n) = [ dr= e [l dr
t i
e — (et~ 1) = i[;l -e™")
B Jom s
Thus, we can write the output v ) as
|
Y1) = —(1— e (1) (2.64)
g’y
(b) By Eq.(2.10)

sy =h(t)+x()) = [ h(r)(r=r)dr

Functions fi{s) and x{t = ¢} are shown in Fig. 246 for ¢ < 0 and 1 > . Again from Fig
2-4(b) we see that for 1 <0, (- Yand x(¢ — 7} do not overlap, while for ¢ =00, they overlap
from 7=01to r=1 Hence, for ¢ < 0, v{e) =0, For ¢ = 0, we have

1
i
= "qul_=_ 1= —ar

y(r) Le — @)
Thus, we can write the cutput vz} as

1

p(r) = —(1—e"*Yu(r) (2.65)
ir

which is the same as Eq. (2.64),



M)

4w

hit- ) =T

r=0

t a T I o
Bt - xp-rh
-] i =]
1 ﬂ
_‘-/ - :
0t T B ¥
{ct) il

Fig. 2-4



Compute the output y(¢) for a continwous-time LTT sysiem whose impulse responsc
k(1) and the input x{1} are piven by
h(r)=e""u(r) x(ty=e"u(—1) a>0
By Eq: £ 2.6)
Wiy=x[(1)=h(i)= f_ x(T)h(t —7)dr
Funections x(r)and #(: - #) are shown in Fig. 2-5(a) for ¢ =0 and > 0. From Fig. 2-3(a) we

see that for ¢ <0, x(7}and kit — r) overlap from 7= — = to r =1, while for ¢ > 0, they overlap
from 7= = to r= 0. Hence, for 1 <0, we have

1
i - " T =T - — ! 2NT S . |
vir) j_xe' e dr=e J,r_;e dr=5—¢ ( 2.66a)
For r =10, we have
1
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Combining Eqgs. (Ze6a) and (2.600), we can write y(1) as
1
¥i}= Ez"'-" a >0 [ 2.67)

which is shown in Fig. 2-5(5).

2.6. Evaluate y(1) =x{¢)=h{1), where x(1) and Al¢) are shown in Fig. 2-6, (g} by an
analytical technique, and (h) by a graphical method.

Xy ity

Fig. 2-6

(@) We first express x(¢) and hi1) in functional form:
W ty=eft)—u(t—3) i) =u(t) —ult—2)
Then, by Eq. {2.6) we have

y{(t)=al{t)=h(t) =fj:.n:-|;1')k(r —r)dr
= j:u[u('r) —u(r—3][w(r—7) —u(t —r=2)] dr
—fjmu(r)u(l —1t)dr— f::u{r)u(t —2=7)dr

= f’ Ul — D= )dr + )r'_"" w7~ B)ule ~ 2—1ydr

J<r<t—2,t>5
otherwise
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we can express y(r) as

W) = u’dr)u(r) = (L’ :d.—)u{r—i]

—[J;"dr]u{l—?:}+[ﬂ_ad7

=pe(r)—(r—=2p{t—=2) = (¢t —=3jufr—3) +(+=5hu(r-3)

w(t—5)

which is plotted in Fig. 2-7,
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{b) Functions hir), x(r) and h{t — ), x(#)0(s — 7) for different values of ¢ are sketched in
Fig. 2-8. From Fig. 2-8 we see that x(7) and A(r — 7) do not overlap for r <0 and > 3,
and hence y{t)=0for ¢t < 0 and ¢ > 5. For the other intervals, x(7) and hit — =) overlap
Thus, computing the arca under the rectangular pulscs for these intervals, we obtain

{ t<0

' D<t 2
plr] =12 Tt

R ; 3=t =5

{ S5<¢

which is ploticd in Fig. 249,
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CT LTI System governed by Differential Equation

2.20. Consider a continuous-time system whose input x(r) and output y(¢) are related by

d]::) +avit)=x(t) (2.101)

where a is a constant.
() Find y(¢) with the auxiliary condition y(0) =y, and
x(t)=Ke"u(1) (2.102)
{b) FExpress vit}in terms of the zero-input and zero-state responses.
ta) Let
y(r) =yp() txulr)

where y,(r) is the particular solutjon satisfying Eq. (2707} and y,(1) is the homogeneous
solution which satisfies

dvlf ’
) Say(t) =0 ( 2.103)
e
Assume that
yalt) =A™ t>0 (2.104)

Substituting Eq. (2,704 into Eq, (2.107), we obtain
~bde " +ade M= Ke ™™
from which we obtain A4 = K,/ (a — b), and

y(r) = PR >0 { 2.105)

To obtain y,(r), we assume
Yult) = Be”
Substituting this into Eq. (2 703) gives
sBe'' + aBe" = (5 + u) Bt =0

from which we have s = —a and

yp() = Be™™
Combining y,{(r} and y,(1), we get

—ar K —h -
yir) =Be " + u_—bE t>=0 (| 2.10a)
From Eq. (2.106) and the auxiliary condition w{0} = y,, we obtain
K
B a—b

Thus, Eq. {2.108) becomes

K —at K -br 5
¥t = - | il t=>1 (2.107)




LB}

For ¢ <0, we have x(¢) =10, and Eq. (2.107) becomes Eqg. {2,193}, Hence,
yit)=D0e"" r= 0
From the ausiliary condition y{0) = y,, we obtain
vy =yue™" 1= (2.708)

Combining Egs. (2 107) and (2. 108), y(1) can be expressed in terms of y,(¢) (zero-input
response} and (1) (zero-state response) as

y(t) =ve ™ + (e —e “Yu(t)

a—~h
=¥alt) +¥ul0) (2.109)
where Yy lr) =y (2.110a)
K
) = —ht g 2.110b
R0y == (e —e " )u(1) (2.1100)

2.21. Consider the system in Prob. 2.20.

{a)
(h)
(e

()

Show that the system is not linear if y(0) =y, # (.
Show that the system 18 linear iof y{() =1,

Recall that a linear system has the property that zero input prodices zero output {Sec.
1.5E}. However, if we let £ = 0 in Eq. (2.202), we have x(1) =10, but from Eq. {2 100} we
sed that

Yy =ye ' #0 Yp#0
Thus, this system 15 nonlinear if ¥(0) =y, # 0.

If w0y =10, the system is linear, This is shown as follows. Let x{r)and x,(r) be two mput
signals and let y (1) and v,40) be the corresponding putputs, That is,

dy(t) :
) +ay, (1) =x,(1) (2.411)
dvalr
;E ) +ay,(1) =x,(¢) (2.112)
with the auxiliary conditions
¥i(0) = 3,(0) =0 (2.113)

Considar
(1) =ax (1) +ax,(1)
where @, and o, are any complex numbers. Multiplying Eq. (2.7/7) by o, and Eq. (2.712)
by o, and adding, we see that
vit) =, vt) +ayalt)
satisfies the differential equation
dvir)
dt

+ay(t)=x(r)

and also, from Eg. (2.£43)
YOy =a vi(0) +ap:0) =0

Therefore, v(#) is the output corresponding to x(¢), and thus the system is lincar.



2.22,

2.23.

Consider the system in Prob. 2.20. Show that the initial rest condition y(0) = 0 also
implies that the svstem is time-invariant.

Let y (1) be the response to an input x (¢} and

x(1)=0 t<0 (2.114)
dy (1
Then yjf ) +ay(t) =x,(1) (2.115)
and v,(0) =0 (2.116)
Now, let v5(1) be the response to the shifted input x.(t) =x (¢ — 7). From Eq. (2.]14) we have
x(1)=0 r=r (2.117)
Then y,lr) must satisfy
t
d}li ) +ay(t) =x4(1) (2.118)
and ¥al7)=0 (2.119)
Now, from Eq. (2.115) we have
dy (i—7
'T} Fay(t—7) =x,(t=7) =25(1)

If we let yo{e )=yt — 1), then by Eqg. (2.116) we have
YAt} =y (7= 1) =y(0)=0
Thus, Eqs. (2.115) and (2.1 /9) are satisfied and we conclude that the system is lime-invariant,

Consider the system in Prob. 2.20. Find the impulse responsc A7) of the system.
The impulse response k(1) should satisfy the differential eguation

dhi( 1) N
= +afir)=d(r) {2.120)
The homogencous solution & (7] to Eq. (2720} satisfies
dhﬁ{ I‘} 2121
% +ahy(t) =0 (2.121)
To obtain k(1) we assume
fiy(1) =ce”

Substituting this into Eq. (2.121) gives
see™ 4ace* = (5 +a)ce” =0
from which we have 5 = —a and
ha(1) =ce~u(1) (2.122)

We predict that the particular solution & (1) is zero since /(1) cannot contain (¢ ). Otherwise,
k(1) would have a derivative of 4(t) that is not part of the right-hand side of Eq. (2 120). Thus,

hit)=ce “ult) (2.123)



224,

To find the constant ¢, substituting Eq. {2723} into Eq. (2.120), we obtain

d
Elce"“uu]] +ace "ul1y=58(1)

du(t)
or —ace'“u[:]+ce'“‘T +ace “ul{r)=98(1)
Using Egs. (7.25) and (1.37), the above eguation becomes

duf £)
ge r =ce " B(t) =cB(t) =6(r)

so that ¢ = 1. Thus, the impulse response is given by
(e =& %t (2.124)

Consider the system in Prob. 2.20 with v»(0)=0.

{a) Find the step response sif) of the system without using the impulse response
A1),

{5} Find the stop responsc sit) with the impulse responsc h(¢) obtained in Prob.
223,

(c) Find the impulse response i(r) from s(1).
(@) In Prob. 2.20
x(t) =Ke "uir)
Setting K= 1,b=10, we obtain x{¢}=u(t) and then y(f)=g(1). Thus, setting K=1,
b=0, and y{0) =y, =0 in Eq. {1 109), we obtain the step response
1
e =—{1 < Thute) (2.125)

(h) Using Eqs. (2.72) and (2.724) in Prob. 2.23, the step response s(t) is given by

.ic{r}=f_I Alr)dr= f_f e ulr) dr

= [[re"" dr
4

which is the same as Eqg. (2.125).
{c) Using Egs. {2.13) and (2.125), tha impulse response hit) is given by

1
u(ry= ;—(I —& "ulr)

d[1
h(t)=x'(t) = a[;{l —e"‘”}n[t}]

1
=g u{i}+a—ii—e ')
Using Eqgs. (£.25) and (1.30), we have
1 1 1
= NPT |5 — Y il e = i
a{l e (1) a{L ey () ﬂ(] 1)é(¢)y =0

Thus, h(t)=e "u(t)
which is the same as Eq. (L724),



CT Fourier Series

5.4. Determine the complex sxponential Fourier series representation for each of the
following signals:
(a) (1) =cos wyt
(b) x(i)=sinw,t

tc) x(1)= cm-:(zr - -}]

(d) x(1)=cos4t + sin b1

(e) x(1)=sin*1

(2) Rather than using Eq. (5.5) to evaluate the complex Fourier coefficients ¢, using Euler's
formula, we get

-

1 i T =
CUS Wyl = E(E"“"" +emiat) = 3¢ s " e L gt

==

Thus, the complex Fourier coefficients for cos wqr are

l'.'1=‘% U_]“% Ckcﬂ.lki_#i

(b) In a similar fashion we have

Sin wyf = i[.tf’"’""" —g ety = ——]e""““’ + ]—e""*" = E et
gy 2j 2 et

Thus, the complex Fourier coefficients for sin et are
! 1

- e =0,1kl=1

L] = — { e s
1 2} i ji

(c} The fundamental angular frequency wy, of x(r) is 2. Thus,

™ = i
x(¢) --ccs(ﬁ: + E] = ¥ gefmia ¥ g g2
k= —m -
N =1 2- i = 1 BTt w FAY B L L
ow i) = cos H--A- ==(e + )

1 ; 1 e ;
= Eg—.-r.r‘-ie-m + Eea"".ﬂ‘?fm - ¥ &y it

k= —















CT Fourier Transform































