EE 422G Notes: Chapter 5 Instructor: Cheung

Chapter 5 The Laplace Transform

5-1 Introduction
X(t) input y(t) output

(1) System analysis Dynamic |

System
A processor whicl

processes the input signal

Linear Dynamic system: to produce the output

dy™ (t dy" ™ (t
yrf)+%_y n_l()
dt dt

dx™ (1)

m

+...+a y(t) =b, +...+ Db x(t)

Question: Can we determipg) for a givenx(t)?
Answer: Use Fourier transform to convert the OBt& algebraic equation!

X(f) Y(f)
Dynamic
System
H(f)

Y(f)=H(F)X(f)
y(t) = F (Y (1))

(2) Two Problems
1. Some common signals do not have a Fourier Transform !

Example: What is the Fourier transformxgf) = e'u(t) ?

X(f)= [e'u(t)e’*™dt =[e'e”*™dt does not exist for any ase
— o0 0
blows up whert — .

Even thoughx(t) grows unbounded as-. «, it may still exist as an
intermediate step in a larger system. Consider thgubwhenx(t) is fed
into a system with impulse responis) = (3e™ - 2e™ Ju(t).
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fw e u(t - r)(3e'2’ — 2e")1(r)dr

jotet"(Se'z’ - 2e")1|r
_ (e—t _ e_ZI),l(t)

which certainly decays to O as. «.

y(t)

2. Initial Condition Problem

Say we know the output y(t) of the above dynamic syssebrait t=0.
Nowhere in the Fourier system equations below we cosleri this
information:

Y(f)=H(f)X(f)
y(t) = F(Y(f))

(3) Solution: Laplace Transform

Even though(t) does not go to zero (when- ), but x(t)e™" may for large
enougha .

= We will assume all signals are “causak(t) =0 for t<0
= Fourier transform oi(t)e™* :

j (x()e e 4dt = [ x(t)e o iNtdt
0

O——8 O—38

x(t)e™'dt wheres=o+ jw

LaplaceTransformof x(t)

* We will see how Laplace transform takes care of ind@adiditions later.
* Even though inverse Laplace Transform exists, it invomes:
sophisticated concepts from complex number theory. kestriverse
Fourier Transform, we will just use table (and Matlab)
» Laplace transform is just as nice as Fourier Transfor
Y (s) = H(s) X(s) +initial conditions

y(t) = L(Y(s))
* Fourier Transform ofk(t)u(t) can obtained by substituting= j« (i.e.
settingo =0) in X(s).™

LIf the Region of Converge of X(s) does not includeithaginary axis ¢ = j& ), then its Fourier Transform does
not exist. (More later)
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5-2 Examples of Evaluating Laplace Transforms usiregdefinition

(1) Step functiorx(t)=u(t)

L[u(t)] jo‘” et

_1 . _St —
gJ'Oe d(-st)

{ e T”
S t=0

1. _ 1
= —Zlm, (e*)+=

{in, e
= _E"m tMX)(e—Re(s)te—j Im(s)t)+i

S s

/s if Re(s)> Case™®' 0T - 0
R if Re(s) < Gase @ O 1IF — oo

notsure if Re(s) = Gaslim

e—j Im(s)t - 7

to o0

When Re(s) = 0, define=Im(s). The integral becomqo§e‘j“dt = [ u(tye “dt

which is the Fourier transform of u(t). From chapter d,kmow that

Flu)] = =+ 275(a)
jw

Note that forwz0, the Fourier Transform can be evaluated by substitgtiegin

the expression 1/s.

(2) Exponentialx(t) = e "u(t)

Le™u(t)] = jo”e-”te-stdt

= I C et
0
-1 _(s+a)t
= I e d-(s+a)t
s+a%
= Llim, _ewos 1
sta s+a
- ||m (e—Re(s+a)te—j Im(s+a)t )+ 1
s+a " s+a
1/(s+a) if Re(s) >—Re(a )ase "' T - 0
= o if Re(s) <—Re(a )ase™* ' 0T - o

1/(s+a)+2m(Im(s)) if Re(s) =-Re(@ )aslim, e '"m =2
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(3) x(t) =4(t) Recall that the impulse function is representedlasiof

convention functions straddling the origin. To incorporage“thll” delta
function, we define the lower limit of our Laplace intaigio be Q

L[3(1)] = TJ(t)e‘Stdt

- e—st — e—ote—jax‘

t=0" t=0"
= e % (cosat — | sinca)‘t_o_
=1

No constraint on s.
5-2B Region of Convergence (ROC)

ROC: Pictorial description of the value s where thplace Transform of a
function exists.

Anatomy of ROC

Region where X(s b Im(s)

is infinite.

> Re(s)

Region where X(s
is finite, but not

absolute convergent
ROC of 1/s \ OC of 1/(s)
Region where X(s

is finite. In fact, it
converges absolutely
(see below

Properties of ROC

1. It is bordered by the RIGHTMOST POLESX{E). A pole is defined by the
complex value’ such that the algebraX{s’) is infinite.

2. If s’ is in the interior of the ROC, then alvith Re)=Re@’) are inside the
ROC.

3. It extends to positive infinity
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In the interior of ROC (not boundary), not only does the aegplintegral converge,
it converges ABSOLUTELY.

Normal convergent (or X(s) is finiteX (s) = j: x(t)e ™ dt < oo
Absolute convergent: j:| X(t)e™ |dt < oo

We cannot prove that without venturing into a branch dhemaatics called the
complex variable theory.

However, knowing that X(s) converges absolutely insiddRO€E, we can explain
some of the properties:

For example:

2. If s’ is in the interior of the ROC, then alvith Re)=Re(’) are inside the
ROC.

0 [

j \x(t)e‘stdt = j IX(t)exp(- Re(st) - j Im(sp)dt

0

Why? w
= j |x(t) exp(= Re(st))| dexp(- j Im(st))[dt

Note thatexp(-j Im(sh)| = y/cog(Im(st)) +sin*(Im(st)) =1, we have

T ‘x(t)e’St

dt = [|x(t) exp(- Re())dt which does not depend on Im(s).

3. ROC extends to positive infinity.

Assume p is in the ROC. Lgtbe a complex number wite(g) > Re(p) .
[[x@®e*fdt = [|x(t)exp- Re@v)dt < [|x(t)|exp(- Re(pt)fdt <o

The second last inequality is due to the fact It Re(@t)) k|exp(-Re(pt)) |.
Thusq must also be in the ROC.

Example:

(s-4)°
(s+1(s+3
Is {s: s>-1}.

X(s) = has two poles at -1 and -3 as well as a double zero atRIOITs
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Final note:

Fourier Transform: if the imaginary axis£ ja) is entirely inside the ROC of

X(s), then the Fourier Transform(f) exists. Ifs = ja is entirely outsideX(f)

does not exist. It = j« is the boundary of the ROC, the Fourier transform must be
evaluated by other means due to the presence of pole3riexdt) = u(t) )
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Note: Using matlab to find Laplace Transform

>> x1 = sym(’cos(omega*t)’)
x1l =
cos(omega*t)

>>X1= |aplace(xl) % Lapl ace Transform
X1 =
s/(s"2+omega’*2)

>> pretty(X1)

s +omega

>> X2 = sym(’'omega/(s"2+omega’2)’)
X2 =
omega/(s"2+omega’2)

>>x2= il aplace(X2) % | nverse Lapl ace
X2 =
sin(omega*t)

>> dirac(0) % Del ta Function
ans =

inf

>> dirac(0.45)

ans =

0

>> |aplace(sym('dirac(t)’))

ans =

1

>> heavi si de(0) % Step Function
ans =

NaN

>> heaviside(-13)

ans =

0

>> heaviside(1)

ans =

1

>> |aplace(sym(’heaviside(t)"))
ans =

1/s
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