EE 422G Notes: Chapter 7 nstructor: Cheung

Use State Variable to represent circuits

Let's start with a simple example:

R=2Q) L=1H
+ O_J\/\/\_m_a-_o +
ay N c=tFT= v
-0 o -

NOTE: in this chapter, we will use u(t) (not to be confuséd e step function)
to denote the input and use x(t) to denote the state.

1. Define the states:
Similar to the discrete-case, we define the statescoais the memory
storage elements. For passive circuit, the memory saiegnents are the
capacitors and inductors:
di,
dt
As the knowledge capacitor voltage and inductor curreoivalls to infer
the capacitor current and the inductor voltage by tallarg/atives, we
definestate variables to be the capacitor voltage and indootoent
X =V, (1)
X, =i (1)
Note that there is one state variable for each mestorgage element

iC:CdstC and v, =L

2. Derive the “State” and “Output” equationgxpress the derivatives of the
states and the output in terms of the current stiadethe input ONLY.

KCL at node a: d—xl:ix2
a C
dx 1 R 1
KVL: 2o T X+
dt AT

These two equations can be more compactly written trixarm:

W A W R

The above matrix equation is called tiate Equatiobecause it relates the
change (-order derivative) of the state to the current stateimmat.

We can also relate the output to the state variaklésllaws:

2

Output Equation y(t)=(1 O)(:lJ
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Using this approach, we can write the state-variablesgmtation for any circuit.
In general, the state and output equations are alwaie ifollowing form:

X =Ax+Bu
y =Cx+Du

In our previous example, we have

a=[ 0 HC g (0O c=(@1 0),D=0
l-uL -r/iL) T L) T T

Be very careful about the dimensions of each matriksld® another example:

Step 1. Define the state variable:asx; i asx,
Step 2: Express the derivatives x, and outpuy in terms ofx; x,and inputvs

. . X
y = R2|R2 =R, = RX, = (O 1)(;) Output Equation
2
Xlziic:i(iR _iL)zi(u_xzj:__lxl_ixz+ivs (1)
C c - Cl R RC C RC
X —1 :1 - :1 - :1 —&
X = L Vi L (Ve =) L (Xl szz) L % L X, (2)

Combining (1) and (2):

R ,
X|_| CR C|lX|,.| =~
— = + Y
L(j i _R L(j C(I)Ql )
L L

State Equation
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To summarize:

For electrical network: seledi and V¢ as state variables.
Step 1: Select eaghandv, as state variables
di,
dt
For eaclv, , write a KCL (7 will be included)
Step 3: Other KCL and KVL, and element relation to elambe “other”
variables (other than states (. ) and sources (input).

=>state equation.
Step 4 : Output equation

Step 2: For each , write a KVL (i'L = will be included)

State Equation from Transfer Functions

State Equation => Tell how to realize and simulate (sysealization) the systems
N(s) _b,s"+hb,,s"" +..+bs+h,

Given H(s) = ~ (Assume m<n= BIBO)
D(s) s"+a,,s" +..+as+a,
Find X = Ax+Bu ( I lar)
in u --- scalar, y--- scalar
y =Cx+Du Y

Such thatC(sl = A) "B+ D (the transfer function expression derived directly
from the state equations) equals the given tranafestion.

Given a systerd (s) :%, we can implement this with the following block
diagram:
L ["9Ne t
u(ty— D(s) > — Y(t)

Assume the denominator polynomial is hdegree polynomial, define our state
vector as a n-dimensional vector follows:

x,(t) v(t) % (t) %1)) (0 1 0 ... 0 0 x(t)
X, (t) Ly(t) %, (t) Xt | [0 0 1 ... 0 0f x(t)

x (1) | | L=v(t) x )] [ x®] [0 0 0 .. 0 1]x,(t)

X (t) 4 v(t) X (t) x(@®)) (2 2 2 2 2 2 x(t)
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Note that our definition already provide almost the cotepierm of a state
equation, except that we don’t have an expressior_for.

That has to come from the system. In the first potuo system:

u(ty—» % —>  V(t)

U(s) =D(s)V(s)

Or: = SV(8)+a,,8"V(9) +...+ 8,8V (9) +aV ()

Applying inverse Laplace Transform:

n-1

g —g V(O .. Fa v(t)+a0v(t)

=% (t) + an-lxn (1) +...+ 2, (1) + ao><1(t)
X, (1) = U(t) =8, 1%, (1) = ... &% (1) — 8% (1)

Now plug it back to our system:

x) (0 1 0 0 .. 0Yx) (o

ReS
o
o
[ —
o

_ .. O )fz N ?u(t)
) ("8 ~a —a —a ... Tag %) \1

Let N(s) =bs" +bs™ +...+b,_,s+b,. The output equation can be written as
Y(s) = N(s)V(s)
=h s"V(s)+h, ,S"V(s) +...+bsV(s) +hV(s)

In time domain:

y(t)=b 3—:v(t) +b,. 3:_1 v(t)+...+ bl%v(t) +byVv(t)
= bmxm+1(t) + bm—le (t) + s + b1X2 (t) + boxl(t)
X
=l b - b))
Xt
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4s° +3s-1

Example/H(s) =
ample/H(s) 6s® +7s* +s+5

First, we normalize H(s) so that the leading coeffic@rthe denominator
82 + S—
polynomial is 1:H(s) = % % %)

By inspection, we can just write out the state equation

%, 0 1 0Yx) (0
| =10 0 1|x,[+/O0Ou
X T T TN\ X 1
X,
y = (% % #x
X3

Where do we go from here?

After obtaining the state variable representation, italibw us to

1. Analyze its stability, controllability and observatyili

a. The “eigenvalues” of our state matrix A are precisedypbles of the

linear system.
b. A system is called controllable if, regardless ofnisal state,

we can

drive its state to any value within finite time by usingugtable input.

A system is controllable if and only if the following tna is
invertible:

[B| AB| AB?|---| AB™?|

c. A system is called observable if we can determine thialistate
given any output. A system is observable if and onlyafftilowing

matrix is invertible:

C
CA
CA?

CAn—l
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2. Simulate it with a computer by discretization

X =AX+Bu

To simulate. we can follow the procedure below:
y =Cx+Du

At t=0, x(t)=0 (or can be any initial state)
Compute dynamicsx(t) = Ax(t) + Bu(t)

Compute outputy(t) = Cx(t) + Du(t)

Compute new state by Taylor Series Expansion:
x(t + At) = x(t) +x(t)At

t=t+At

Go to step 2.

WP

o o

This implementation assumes the input is constant ansitéite vector is
linear within the sample intervélt + At) . While the first assumption is not

too unreasonable, we can improve upon the second one byncagnstep 2
and 4 together to compute

X(t +At) = e x(t) + (€™ —1)A7Bu(t)
This involves a matrix exponential which can be computedsiryg Taylor
Series:

e’ =| + At +1A2t2 +£A3t3 +
2! 3

But | am afraid we are running out of time. For furtheerefice on the use of
State-Variable Representation, please consult thelertédxt “Linear System
Theory and Design” by C.T. Chen.
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