EE 422G Notes: Chapter 6 Instructor: Cheung

Applications of the Laplace Transform

Application in Circuit Analysis

1. Review of Resistive Network

1) Elements

Wy |5 V=IR
v = {Ohm*s Law)

2) Superposition

| ¢ I | ¢ 5
" ",
C—) Y R4 R2
W, Caused by I;

Causzed by 3
U /%

I $ 121 L=I+In

Causzed by I

/ C;lsed by %

¢|12 | ¢|22 I2:I2j+*&'2
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3) KVL and KCL — Select a node for ground. Watch out for digns

+ WR1 -

Ripr L[ ¥ Lo dls RVL V=tV
C)V Ve Ry Vi= Vet Vs
_a VieS R2 Ve = Vi
—‘ - ECL: Li=L+15

VHL
_ b
Thevenin o
Equivalent — + V, =V, = Open Circuit Voltag
Circuit C‘ R = Equivalent Resistance
Norton |. =1 =Short Circuit Curren
Equivalent or ) Rs ' R ¥
quiv W Rie R. = Same as befo
Circuit
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5) Nodal Analysis and Mesh Analysis

R Vs trode 1 Nodal Analysis (Use KCL
—/\/\/\/‘ node
RZ Ra V.S‘I_I/71+V2_V1+V,S“2_Vl:[]
v () R R, Ry
: Vatroon s n-n 0-% _,
RS "-.-'IISZ RE R3

| Solve for I; and 1 and then calculate
other currents and voltages.

Mesh analysis (use KVL)

{V51 =R +Ry(I,=1,) +Rg(l; = 1)
Vg =Rl +Ryl, +Vg,

Solve foll; andl,.

2. Characteristics of Dynamic Networks

1) Inductor

¥ i) _d.
v (t) = LEIL(t)

1) 1«
or i (t) =II_ v, (r)dr

2) Capacitor

Tiw (0 =Cv )
I or V. () :% [Lic(dr

Vi)
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Instructor: Cheung

+ [(t
Rin
Vo(t)

+ V; (t)
) Av;(t)
O -

+ O——+
vi(t)
07 -
Inverting input Vo(t)
O - O

O T
A general op-amp model is described above.
In practice, the input resistance,,Rs very large (> 18 Q) and the gain, A, is

very large (>16). Thus, we will use the ideal model in the analysis:
1. Input current;lt) = O (due to the large input impedence)
2. Input voltage difference;ft) = 0 and output voltageyt) is dictated by

EE 422G Notes: Chapter 6
3) Operation Amplifier
Non-Inverting inpu

i

external circuit (due to the large gain)

Example:
1)

Ww(t) = va(t)

Based on the ideal op-amp model,
Also, as the op-amp does not have any input current, applyihgake inverting

B(O/R= (Vo(t)-V2(t))/Ro
Vo(£)/Va(t) = 1+R/R,

port, we have
oW/Vi(t) = 1+RJ/Ra

Plug in (1), we have
This circuit is calledNon-Inverting Amplifier.
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4) Mutual Inductor — used in transformer.

Two separate circuits with coupling currents.

Basic equations

. fisl .
a [ 1 m |2
il i
V=1, d—;+Md—;

V 1] L] . .

. e % 15(3)=M%+32%
) 1

: _

Very easy to write , very difficult to analyze!

Make sure botly, andi, point either away or toward the polarity marks [o
make the mutual inductandé positive.

To link the two circuits together, introduce a combined cuiterm (3 +iy):

vi(t)=L %—M%+M%+M%
! 't dit dit dit

di d, .
=(L1_M)d_t1+M a('f"'z)

di di di di
v,t)=M—2+M—=2+L,—2-M =2
2(1) dt a

dt o dt
di,
dt

=M%(il+i2)+<L2—M)

Equivalent circuit:
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Example : Apply mesh analysis to the following circuit

2
WL +|(_ i(0)=v,(0)=0
~.. _ #
V(1) Cﬁ) ift) \| R V() =1L dﬁ(f) -|-lFT Ji(’()&f?f + Ri(t)
/ a  Cr
£

T a differenfial equation.

Using Laplace Transform
V(s) =VL(8) +Vc(8) +Vr(S)

— (sl () -1 (0") +%[ | (SS) Ve (O)} FRI(S)

S

:(Ls)l(s)+i|(s)+RI ()
Cs

Define ‘Generalized Resistors’ (Impedances)

Z (s)=Ls=V.(s) = 1(9Z.(9)

1
Zc(s) = s Ve (s) = 1(s)Zc(9)
Both capacitor and inductor behave exactly likesastor!
=V,(8) = Z.(9)1(5) + Z(9)I (s) + RI(s)

Vi (s)
Z (8)+Zc(s)*+R

= 1(s) =

Everything we know about resistive network can jpgliad to dynamic network in
Laplace domain:

Generalizé OhmsLaw
superposion

KVL andKCL
Equivalentircuit
Nodalanalysisndmeshanalysis
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3. Laplace transform models of circuit elements.

What if the initial conditions are not zero?

1) Capacitor

dv(t
i)=Y
cit
it} _
a?—ﬁﬁh Hs)y=CsV{s)—-CVv(07)
()
Vis)=  I(s)+ 1 v(07)
3 5
defi Zo(3)= L
ne o O
1
lv(g-} Vis)=Zo ()M (s)+ = v(07)
(=) 5 o
a— L 4®—O b = model: an impedance (*generalized
+ - resistor’) and a voltage source in series.

Alternatively, you can also represent it as an impeelamcl a parallel current
source (Norton equivalent circuit)

e I
Naoul,

BE VERY CAREFUL ABOUT THE POLARITY OF VOLTAGE SOURE AND
THE DIRECTION OF CURRENT SOURCE!
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2) Inductor
it L V(f)z L@
dt

4 V(s) = LsI(s)— Zi(07)
‘Generalized resistor’ (Impedance)
Z(5)=1Ls and
Li{07) a negative voltage source Li(07) in series.

I(s) C
3l —— ZL 1] _
+ —/ N Can we obtain Vis)= Lsl(s)— Li{0")
ha Vi) From this circuit models?

Yes!

Alternatively, you can also represent it as an impeelamcl a parallel current
source (Norton equivalent circuit)

Z|__

+OI—(S)> i}g;xs —O -

Y

V(s)

3) Resistor V(s) = RI(s)

4)Voltage and Current Sources (Don’t forget to apply Lap&Eessform on
them)

v (&) = () V,6) =L, )] C}zs(-ﬁ):‘f (}L(S}LDS(I)]

5) Op-Amp : same ideal model assumption
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6) Mutual Inductance (Transformers)

U Laplace transform modedbtain it by using inductance model

(LML) (La-M)Tdo)

+o}_'(f-)—- < oo t
[1s]

. é o Vils)
+/M(T,0) t V7))

r—— | —0

—_—
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Example: Find Complex Norton Equivalent circuit givexd™) =0

2:(;{1';‘)
U T = ®) 1o ZSZL
(step) l .
| b b
Solution

1) Compute the Short-Circuit Curreints) =1

Lge (5)

Straightforward to sed:s(S) = =21 ()

To compute I(s), apply mesh analysis on the ¢efpi
1. | (s)x1Q + 3| (S)E: (1+§)| (s) :ﬁl (s)
S S S S
1
=1(s)=——
(s) <13

— 1 (s)=-21(s) =_st3

No need to do inverse Laplace transform as thevatgunt circuit is in the s-
domain.
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2) Find the equivalent impedanze

Normally, we can just kill all the independent souraed @ombine the
impedances (using resistive combination rules). Howeethere is a
dependent source, we need to drive it with a test voltage:

Irs) 2I(S)
r—“)—i;\ﬂ_' -
'_"”l——l $I(s)

> Va9 Vi (9
T () 21(9)
Mesh analysis on the left loop:
1(s)x1Q +3'—§’) =0

= 1Q)I(s) = —@l (s)

= 1(s)=0

Vies ()
So we got an interesting resufts = % =00 = OPENCIRCUIT

- 2 ‘;"I Z
@ Ists)s -2 o,
' IS( } g+5 1t
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Example: Find the transfer function H(s) %(8)/Vi(s) of the following circuit.
Assume all initial conditions are zero.

This is called the Sallen-Key circuit, which we will ssgain in filter design.

vi(#)

Rewrite everything in Laplace domain, we have

|4
"1

I (s) Cs
A
.Rl IR](S) 4 [Rz(s) RZ
+ +
Vi(s) Vals) 1A8)
We recognize the op-amp configuration as a non-inverting aepkid we have
K=1+ 2
R,
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To find V,, we need Y which depends ony
All other nodal voltages are known. Thus, we need two nodsiteos:

Applying KCL at node a, we have:
Va-Vi VoV, Vo —KY,

Tes

= (i I Cls)va —(i + KCls)vb = iVl (1)
R R R, R
Applying KCL at node b, we have:
Vo Ve +C,sV, =0
SN RV (i + KCls)vb =0 (2)
R, R,
Combining equations (1) and (2) by eliminating We get:
Vv, _ 1

V. RRCC,s*+[RC, +RC, +RC, (1-K)Js+1

Sincev, =KV, , we have

V, _ K

Vi RRCC,s*+[RC, +RC, +RC, (1-K)Js+1
R

whereK =1+
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