EE 422G Notes: Chapter 8 Instruct@heung

8.3A Z-Transform

Importance:
Z-transform to discrete-time - Laplace transform to continuous-time
AT L
Definition: 1,
Given S|gnalx(nT) for n=012,..

Z(x(nT)) = X(2)= Zx(nT)z‘n = x(0) + x(T)Z* +x(2T)Zz % +- .c»Q

N \~~ n=0 _ = "o _

Motivation: \ ; ——— e

X
S’
\

Let's sayx(nT) = 6) u(riT)
P.S.u(nT) is the discrete-time step sequ?, - N _:_:ﬁﬂ

Recall the continuous-time surrogate

1 _w

( o p\§ . C

Taking its Laplace transform o9 ¢

xm]=3" [—j oe-m)]

\

x,(t) =37 x(nT)a(t-nT) = 2‘::06}“ 3(t-nT)
;ﬁ.

‘|
\

= 2o (Ej e | $T
_ 1 Z e

TEe /Loy

Note that the final expression is NOT a polynomial in tvery
convenient to use in practice. We use the following suibistit:
7= eTS

1 Z'L’-_ 7 - €

The final expression will become————= —.
1-()'z* 2-()

In general,

L 0]= 37 e ™ = 37 ()2 = 2[x(nm)
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Mapping z=¢€",T >0

We are interested in mapping the ROC in s-plane ta-flane — so that we can
investigate the stability and other properties directly ftbenz-plane.

S - (—1’ Jw _
Let 0 =Re(s) and « =1m(s), —7 g7
7= e(cr+ja))T = echeij > . e e
=|zl=e”,0z=al P
—

> - 28 6 = 0
The real parv = Re(s) only affects the modulus of z. As the ROC in s-plane i
based only orw = Re(s), let’'s see how it maps to z-plane: @ G -o
g=-0 - |zFe" =0
c=0 - |zFeT=1
g=+0 _ |zFe" =
Inwords:  Negative infinity in s-plane - Origin in z-plane

Imaginary axis in s-plane — Unit circle in z-plane
Positive infinity in s-plane - Positive infinity in z-plane

Pictorially:

Z-plane

TL\Q hmﬁaﬂpina
Feor each S, Thoe is  ome umicb,.,.x 2 :C’,ST on The 2*|o|w

For each 2, thow one mdu;[\h S5, 55, sucl that 2=€LS"T
VJ'\YQ LC{' %:CSQT o ?c,grb: Qe(,so) S*.J;C(Re(s)+\‘]In(s,))T+Jzn.—i nw=1,2,3,. -

ST _j2muTi
, - el ed =CST:-

Ln(5) = T(s) + 2
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Conseqguences:
1. Left half s-plane - Inside the unit circle in z-plane
Right half s-plane —  Outside of the unit circle in z-plane

Imaginary axis in s-plane - Unit circle in z-plane
2. ROC in S-plane {s: Re(s) > p}» ROC in Z-plane {z: |z| > 1}

3. H(s) is BIBO stable if all poles are on the left haiﬁne -
H(z) is BIBO stable if all poles are inside the unitta (more later)
4. Fourier Transform in S-plane is evaluated alangis -
Fourier Transform in Z-plane is evaluated along the urutec
= X4(€""") must be the same ag(e'"*™), i.e. integral number of full

rotation. As j(aT +2n7m) = j(&)+m)T the Fourier transform is a periodic

function in® with period :? = w,. We have seen this before!

X(jw)

-Mh (O
| after sampling

Xjw)

v

-0 -0s-0gtOL -Oh O Og®h M5 Ostop 20¢
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Examples of Z-transforms

Example 8-4: z-transform of unit pulsg,):

= 1 n=0 35
X(n )_{o nzol o

X(2)=1+0Z ' +.--=1

Example 8-5 z-Transform of unit step sequemed):

1 n=0
x(nT):{
0 n<O0
X()=1+z"+27%+--
1 with ROC ={z: |z| > 1}
C1-77

Typically, we write the Z-transform in terms of mther than z as casual
sequences contain only the negative powers of z.

Poles and Zeros in Z-transform:

X(2) = 1 — has a pole at=c and a zero at=0
—CZ
_1-czt : 3
X(2) = = has a zero at=c and a pole at =

Properties Time Domain - ZTransform
1| Linearity a,%,(nT)+a,x,(nT) 3, X,(2) +a,X,(2)
2 | Multiply by a" a"x(nT) X(gj
3| Time Delay x(NT =mT)u(nT = mT),m>0 Z"X(2)
4| Multiply by n nx(nT) -5 X(2)
5| Initial Value Theoren x(0) =lm, , X(2)

6 | Final Value Theorem X(e0) =lim,_,1-2")X(2)
7 | Time Convolution > X(mT)y(nT —mT) X(2)Y(2)
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Multiply by a"

za"x(nT)| = 37_anx(nmyz" =37 x(nT)(gj_n = x(fj

a
Ex: Find the Z-transform of(nT) = e u(nT)

1
1-z%’
1 1
Z )| = =
[y(n )] 1_(%_£ﬂ—)_1 1_e—£¥TZ—l

Rewrite y(nT) = (e )"u(nT). Given Z[u(nT)] =

Multiply by n
K@ d (x©+x(T)z* +x(2T)z? + @)z +..)
dz dz

= —z(— x(T)z? -2x(2T)z% - 3x(3T)z™* —)
= 0LX(0) +1X(T)z* +2[X(2T) 2 2 + 3X(3T)z2 +...= Z(nx(nT))

Ex. Find the Z-transform of(nT) = nTu(nT)

T
1-71’

d T _ T
dz1-z' (1-zY?

Since z[Tu(nT)] = Z[nTu(nT)] = -z

Initial Value Theorem

X (2) = x(0) + x()z* +---. Having z goes tow kills every term except the first.

Final Value Theorem
Final valuex() = Iirq(l— z1)X(2) if x(z) does not have any poles on or outside

the unit circle, except possibly a simple pole at.

A formal proof is beyond the scope but heranisnformal proof:
(1=27)X(2) = x(0) +[X(T) = x(0)]z™ +[x(2T) = X(T)]z™ +[X(3T) = x(2T)] " +...

z=1

=X(0) +Xx(T) = x(0) + X(2T) = x(T) + X(3T) = X(2T) = X(o0)
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Commonly used Z-transform pairs

TABLE 8-1
Short Table of z-Transforms
Transform Continuous-time
Pair . Function © Sample Values z-Transform
Number Jinfore>0 finD fornz=0 of finT)
! : fenTy = & 28y
. ‘ 0, n# 0 4
2. 1 (unit step) 1 ‘ 1 —1z'1
- - 1 1
3, I anl _ el K" -
¢ ¢ (€™ 1—e o7zt 1 — Kzt
Tz !
4. t T S B
o (1 - 2—1)2
Te-aTz—l
5.‘-' e T =unT e e
nie (1 _ e—aTz—l)l
. . (sin b2
6.t sin br sin bnT g
P—2{eos bzt + 272
. 1 — {cos bz~
7. b bnT
gos ot cos on 1= 2(cos bT)z ™" 4 z7¢
T -1
8 e~ sin bt e~ singnT R GO

1 — 2e™Tcos bz + 2787772
1~ e ¥ (coshTz™!

Q.r e~4l cos br e=mTl cog bnT _—
2 1 =26 (cos bTNz™" + %7272

*In transforms 5 through 9, ¢~ and BT can be replaced by constanes, X, and K., respectively, as was done in teansform 3. Con-
vergence of the z-tmnsform requires |[K | < 1.

8.3B Inverse Z-Transform

Two Basic Methods:

1. ExpressX(2) into “Definition Form” X(z) = x(0) + x@)z™* +---
(4

‘7““ | ex. X(2)=1+2z*-5z2-2z2°+z7"

", &5 [ This implies x(0) =1.x(T) = 2. x(2T) = -5 x(37) = -2,x(4T) =1, and zero otherwise.

- _ 1 Zaweex tvor pf”""’()?‘g)‘?""*w"‘f”“
’E’JK"'{‘)(( ex. Long dIVISIOI’lX(Z)—(l_aZ_l) ke acompomied by the Ro

vujﬁ‘ U 1+ anz‘1+a22—2 +... CATW$0QM X (2) = l ) £ _ (;6'3 (I l Z)

[—az”  Z-a

Sx(T)zatu(nT)  Assene T F") Y "2
X (/8

C&,\CL\ X (2) Cos—e.ssrmi to

C_&\,VLS -7 a_j\ CN-J‘-f

f%‘*“‘“ oﬁb‘\wd,a the RoC
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2. ExpressX(2) into partlal -fraction from

Expand X(z) = Zak ZL all in terms ofz™
k=0 k=0 (1_ .z )
1 1
each term has an inverse transform

Important: before doing partial-fraction expansiorake sure the z-
transform is in proper rational function of !

Example 8.9
X(2) =

v N 1
(z-1)(z-02) (1-zY)(1-02zY)

1 _ A, B
a-zhHa-02z"% 1-z*' 1-027°

Solution : X (z) =

Heaviside's Expansion Method:

_ 1 Bl-z") =t
1-z7YX(2)=———=A+—— 7
@) ¢ )X (@) 1-0.2z™ 1-0.2z" -
1 B[O 1

= A=—=125
1-0.2 1-0.2 0.8

(2) @- 02z X(2) = A(l-02z™) .\ B{l- 0277

1-2z71 1-0.2z7
4 1-02z71=0 (z=02)
1_1 Al- 022) N B=-025
1-2 1-27
125 - 025
X(2) = + = X(nT) = 125- 025(0.2)"
&)= 1m0 M) ©2)
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