EE 422G Notes: Chapter 10

Instructor: Cheung

Calculating DFT

N~

Xk = Zx(n)e jran N — Zx(n) ﬂ’jj_f"

Denote i

*(’ TN Mé’rféﬁ

K ‘%eo L.‘Lﬂﬁ\ l”

iWN =e /' M then X (k)= Zx(n)WN”k

n=0

» Each X(k) requires N complex multiplications and N complex additions.
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Example 10-3: Two-Point DFT
1
x(0), (1) X(k)= > x(myW,™ k=0,

n=0
N x(0) = ix(n)WZ”O - ix(n) = x(0) + x(1)

n=0 =0
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= x(O)W,’ + x()W,'
= x(0) + x(1}(-1)
= x(0) = x(1) e
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Example 10-4 | el
_4: Four-point DFT of x(0), x(1), x(2), x(3 —
xample our: p(;m okx( ), x(1), x(2), x(3) WN e N
X(k)=> x(mw," k=0,1,23, Twiddle
n=0
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DFT 0" x(0)= S x(mw," =Y x(n) = x(0) + x(1) + x(2) + x(3) oty
Sa.r\\?{e —= u=0 n=0 - —
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=x(0)— p)—-x@)+ x(B) = (X(0) ~x()) +J(x(D~x()) )
X@)= 3 W, = 5OW, + 5O + 5@, + 2B,

= x(0)+ x(1)(=D) + x(2)(1) + X3,
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X(3) = 23: (W, = x(OW,° + x(OW,” + xQ)W,° + x(3W,°

= x(0)+ x(DW,” + x(2)OW," + x3W,'
=x(0)+ jx(D)+ (=Dx(2} + (- /)x(3)

2,

X(D) 7 [x(0) - X(Z)H(—J) D)= x(3)]
x(1) + x(3)]

X(3)x[x(0)— x(2)1/+ Jhx(1) = x(3)

X(2) & [x(0) + x(2)]

If we denote z(0) = x(0), z

v(0) = x(1), (1) = x(3) => (0} = v(0) + W(I) =_J&_1) +x(3)

Our four — point DFT:
X(0) = Z(0) + 1(0)
X(1)y=Z(1) + (;H1)
X(2) = Z(0) - 1(0)
X(3) = Z(1) +j¥11)
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Key point: We compute 4-point DFT based on two 2-point DFTs
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Decimation-in-Time FFT Algorithm
x(0), (1), ..., x(N-1)

N=2"

Separate into even and odd samples:
g(r)=x(2ry =
h(r)=x(2n+1)

X(k) = Z_x(n)WN &
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where G(k) and H(k) are the N/2 point DFT of g(r) and h(r) respectively.

— X(B)=G(k)+W, H(k)  k=0]1,.,N-1

N/2-1 & N/2-1 v
Glk) = Zg(r)WAaz Zx(2r) Iwiz)
N/2-1 . NI2-1 o
H(k)= Y h(rW,,," = > xQr+ 1, ,
r=0 r=0

Question: X(k) needs G(k), H(k), k=0... N-1
How do we obtain G(k), H(k), for k > N/2-17?
G(k) = G(N/2+k) k<= N72-1
H(k)y = H(N/2+k) k <= N/2-1
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(2} Result of one decimation of the time samples

Such recursion can be carried on by considering the even and odd samples of the
sequence at each stage. For a 8-point FFT, the resulting decomposition looks like:
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What is the big deal?
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(1) Very regular structure = easy hardware (and software) implementation
(2) Big complexity savings!!

Why? Let’s say you want to compute 1024-point DFT.

Using direct computation, we need 4N? ~ 4 million operations
Using the above strategy:

Let C(N) = total operations for 1 (024-pt DFT

C(1024) =2*1024+ 2*C(512) : One stage butterfly + Two 512-DFT
=2%1024 + 2*[2*512+2*C(256)]
=4%1024 + 4*[2*256+2*C(128)]
=6%1024 + 8*[2¥128+2*C(64)]
=8%1024 + 16%[2*64+2*C(32)]
=10%*1024+ 32*[2%324+2*C(16)]
=12%1024+ 64*[2*16+2*C(8)]
=14%1024+128*[2*8+2*C(4)]
=16%1024+256*C(2)
=16*1024+256*4 = 17408 operations ~ A factor of 100 savings!

In general, C(N) ~ N(log;N). The great savings come from the reduction of a factor
N to (log;N), thanks to the recursion
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