EE 422G Notes Instructor: Cheung

Analysisand Design of Digital Filter

I. What is filter design?

‘H (e’)i’)‘

EN: L,z™
—> H(Z): i=0’vI
- —» 1+Z|<iz‘i

Filter specification in terms _
of amplitude response and Transfer function
error tolerance

Il. Two major cateqories

1. IR — typically based on transforming a continudse analog filter (such
as Butterworth) into discrete-time

Advantages:
- Decades of experiences in designing analog filters
- Typical less complex (fewer registers, arithmends) than
FIR in realizing the design filter spectrum

2. FIR — entirely discrete-time domain method
Advantages:
- Advantages of any FIR filter : always stable, linphase
- “Optimal” CAD method (not covered in this class)

Il. IR Filter Design

General procedure:
1. Design an analog filter &) that satisfies the specification.
2. Map the analog filter Ks) into a discrete-time filter k)

Focus on step 2. There are two approaches:
1. Invariance Design
# Simple to understand
# Requires high sampling rate to mitigate aliasing
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2. Bilinear Mapping Design — Frequency warping
# No aliasing
# Frequency distortion

[11.1 Invariant Design

ya(t) ya(nT)
X(t) AQ) ya(nT)
- H,(s) e Sampler jpe——
ldentical
sumnple
y(nT) N
Signal source ;Mu }
&8 : n:lmnlennn M
My m
x(nT) y(nT)
ol Sampler o HE) f——

Goal: for a GIVEN x(t), we want the output of ougital filter y(nT) to be
iIdentical to the sampled versiogtyT) of the continuous-time filter output.

If X(t) is the delta function, we effectively have
h(nT) = h(nT)

This is called IMPULSE-INVARIANCE design.
Let's see an example to illustrate all thgste

05(s+4)

Example: GiverH,(s)=——————
(s+D)(s+2)
Z

Find digital filter H(z) by impulse-invariance.
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Step 1. Compute the response of the analog filfér y

Since %(t) = 8(t) = X4(s)=1, thus
Ya(t) = L[H,(5) X, (9)]
= L[H.(9)]

_ 1 _05(s+4)
(s+D(s+2)

(AT — j?(u

= Lﬂ[ﬁ —i} - 15¢" q
s+1 s+2 4 _j\m\q—)'cdl

Step 2: Samplegt) to get y(nT)
y,(nT) =15 - _—

Step 3: Perform Z-transform og(yT)

Y@ =2ly, (D)= L

-zt 1-e771

Step 4. Perform Z-transform og(wT)
X(2) = Z[x,(nT)] =1

Step 5: Find |{(z) = Y(2)/X(2)

H(2) = 15 1

1-e"zt 1-e727?

Step 6: Finally choose a sampling period T andiolitee numerical representation
of the digital filter.

>> % Impulse-Invariance Design
>>num =0.5*[14];
>>den = conv([1 1], [1 2]);

>>Fs =10; % Sampling freq = 10Hz
>> [bz,az] = Impinvar (num,den,Fs);
>>

>> % Compare Analog and Digital Filter
>> [ha,w] = fregs(num,den);

>> f = w/(2*pi); % Convert to Normal Freq.

>> hd = freqz(bz,az,f,Fs);

>> plot(w,abs(ha),’b’,w,abs(hd),r’ ); % Blue:Analog,
Red:Digital
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1.4

1.2-

Amplitude Response

0 10 20 ' 30 40 50 éO 7‘0 86 96 100
Frequency (rad/s)
What happen around 63 rad/s?

Ans: The FT of the discrete filter is periodic wikriod 2¢=21(10)} 63 rad/s.

If your client cannot stomach the divergence stgrét 30Hz, what should you do?

Ans: Increase the sampling rate.
3

What about if we want to design a highpass fiki = > ?
g gnp BE(S) (s+2)(S+25+4)
1.8
Lel N\ | Important: We cannot use
' invariance method to design
Lar ) \ 1 any non band-limited filter
10 / | such as high-pass or band-
q% 1f/ stop. To design these filters,
o we need to understand the
5 08/ 1 concept of “frequency
S o6l — | transformation”.
<
0.4+ .
0.2 .
0 | | | |
0 2 4 6 8 10

Frequency (Hz)
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[11.2 Bilinear Transformation |',_
The basic idea of frequency transformation is ghorward: /

1. Start with a low-pass prototype filterto).
2. Design a frequency transforai=f( w) such that ...
3. Hy(jw) is your desired filter! __ /

Frequency transformation is useful in both anailbgrfdesign and analog to
discrete conversion.

Example: Convert a low-pass analog filter to higisgpanalog filter

Let's say you have a low-pass analog filter witkotiufrequency (-3dB frequency)
at 1 rad/s as follows:
1

H = s +srD)
To design a HIGH-PASS filter with cutoff frequenatty,, we use the following
transformation: —

W - ®
S w! - o
_ A 1 _ s’
Letw=2, Hie(9) = 2 NZ o ) (s+2)(S°+2s+4) w =
‘2] +2+1
(s j{(sj s J wi=1
1 —— W - O
W s 0
0.8 | “f““ ﬁrmjpa
0.6 " oJog

Amplitude Response

04r '=0 w=0- W=

0.2f 41 Y \\‘ J
0;7 L + | | \\\
0 2 4 6 8 10

Frequency (rad/s)
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Question: How do we use frequency transformatiomap analog filter to digital?

CTFT extends from negative infinity to positiveimty, while DTFT is periodic
with period equal to the sampling frequency/T19. To ELIMINATE ALIASING,
we need to come up with a frequency transform hsbat

I.I___f_rﬁaps analog frequenay[-,00] to wy[- n/T, n/T]

One such example of f is the arctan:

= 2 arctar{c, )

d
In the following exampl iz]&:
WL

4 | |
| 05w, = 7%. /
or z( a)c ] - 1

05

/— 050, = =714

<15

-2

Whenawyis small (-k w, <1), the distortion is relatively small and we have

2
C()d :—CL)C
T

Beyond that, the transformation compressgsausing a fair amount of distortion.

If we are designing a low-pass filter with passbeﬁi\m:lwC <C we can scaley. first
by C and use the transform; o —

@, = %arcta oA )

'.

In most applications, the analog filter is spedﬁe terms of the Laplace variable
S=jw, and the target discrete filter needs to be exptessZ-transform variable

z=d*. Thus, it will be nice if we car%zma\nsfodlrectly from s to z.
1-z

Bilinear Transformation: ‘ =C W - Zf
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Proof: PE— -
1Herian) o5,
BRSPS Ty
e )
1+ e_J Ae_J A _J'\JJJT
N i
_CeJ A+e_l A S;J\’va
LT
-C 2] sin( /2) =Cj tan(wd'%)
2cos("s)
~ ¢ = Ctan(4/)
A
To determine C, we typicalfy assume there is aetlpoint” or “anchor”
frequencyw, which maps to itself:
a)r :Earcta ﬂ :C:L
T C ’_(a)rTj
ta
2
2
Example 9-7 H_(s) = e (2 order Butterworth filter) with
s? +~/20,5+ w,”
®.=1000tas the anchor frequency ang-4000t
Applying bilinear transformation: o -
w, —
H = £ —
¢(2) o2 (1-z7)? . 1- 71 .o | +2
a+z*")? ‘1+zt °
_ W (1+z")’
C2(-zY2 +\ 2w, (1- 7)) +w,” 1+ z7")?
Solving C: [oo0Th
% __=22916876 RS

“f ) f

- H_(; ~0.292893+ 0585786 + 0.29289%
‘ 1+0.17157% 2

—

4

Al
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IV FIR Digital Filter

V.1 Design Procedure:

1. Start with desired amplitude response with zerspha

[ Ay

A Y. T
T({?cr)
l y mr

_-:;-L /L

2. Apply inverse DTFT to recover acausal, symmetrid possibility infinitely-
long impulse responge (nT)
T (= . ) N e (:_')'\"TY‘L\A&G U],Q
DTFT Formula: x(nT) :ZT.[_TEX(e""T)e"‘“wa : JM\ jore

DT E

or in normalized frequency:x(nT) = j_oix(eizﬂ)einz"dr

3. Truncateh,(nT) to finite extent by multiplying it by an appropieawindow
function and formh, (nT). L {;M L
WAndow  Faan oYv

T T | I E— | CI) — | T| T T I, > S~ %Oﬂ“"f?"%

ﬂ U Seomd (e ' E : ?

| | |
—
'%I%'I?TTTITTTT%"'I .|
4. Delay h (nT) to make it casual. ° l ?

:t:;::::::.’TTTITTT?:=

0

< ( e @ " COLM&Q

X. \\ﬂ m W\ﬁ-m ¢ Page 9-8
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N

2\t
Example: Design a FIR filter that approximate§) ——(1+ COS277T) Awﬂ»g T -
\“—‘ ———_y ._ITX' {M_Q—f =0

Solution:

(1) Inverse DTFT (explicit calculation)

H(r) ——(1+C0527T) = Zh (nT)e mam Notice n ranges frome-to co

n=-oo

Compute h, (nT) = —j (L cosZn)eJ”Z”dr

h 0 =2 "% @+ cos2m)dr = = [dr + = [ cos2radr =
Forn=0, Ny ( )_E.[—1/2( COS27T) r_EI—llz ' EI—l/ZCOS 7rar =
Forn#0, N4 b

N |-
—
J

— 1 2 jn2nr 12 ejan +te 2 j2mr
hy (nT) = Ej—llze _I 12 2 edr
2 .
=1f1 eizror e LV gieneurgr = L o0 1 = 41 and 0 otherwise
4 J-12 4 J-u2 4 -
o S 1‘2 1_ _1 __2_ \ ,. Z PR 1z
- -j2mr _| + ~j2nr ~etizm = L - =
H(r) = n;ohd (nT)e 12° 2 25 ) ; 2 4
> 1 ____1 . J Y
hd(O):E, hd(iT):Z, hy(nNT)=0, [n}z2 2 - e

The impulse response is finite duration. Thus tiere need to truncate.

(3) Make it acasual by delaying one sample.

H(z)——+1z 11,
2 4

V.2 Effect of windowing 2M+1 terms
Truncation =>Hn(2) = Zh (nT)Z_n ZW (Mhy(nT)z™

w(n)—l Ink M
where W 0 [npM

Truncation = time multiplication with rectangulamalow function
< Convolving in frequency domain with a sinc fuocti
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W (ejzm) — ie—jZHnr — S|nﬂ(2|\/| +1)r

ey’ sinzrr

- Sinc function in frequency domain

Suppose the original analog filter H(r) is an ideal-pass filter, windowing in

time domain corresponds to convolution in frequenth a sinc function. W) x’@ (n7)
Sliding sinc function in convolution o, \c d 7
y 1 ﬁL
A Ideal LP Tial

TV A

e - T 7 -
w 4 27 8

I

T N’ —'_”_ ~J N

Frequency Spectrum of the resulting truncated
sequence

Spectrum of the rectangular window that retainsdfmples (M=7):
sin {(w(M + 1)/2)

sin (w/zl/(Mﬂ/—\ |
— ll
w /',--' T
Mainlobe
T e TN

Figure 7.28 Magnitude of the Fourier transform of a rectangular window (M = 7). - I|\

The frequency spectrum of a good truncation windbauld resemble as mu,ch,a%_q
possible to a delta function. Typically, it is meesd based on two criteria:
1. Narrow Main Lobe
- for rectangular window : main lobe width wgVI+1)
- a narrow main lobe produce better frequency ttians
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2. Small Side Lobes
- measured by the highest peaks
- caused by the sharp cutoff of the rectanguladaim
By tapering the window smoothly to zero at each, émel height of the sidelobes
can be diminished; however, this is achieved aeipense of a wider mainlobe
and thus a wider transition at the discontinuity.

Some commonly used windows include:
2n/M 0snsM /2

Bartlett (triangular)w(n)={2-2n/M M /2<n<M
0 otherwise

. 05-05 IM) 0<snsM
Hannlng:w(n):{ cosem/M) n

0 otherwise
nir
. . 054- 046cos— 0<nsM
Hamming : w, (n) = M
0 otherwise

042-05cos@/n/ M)+ 008cos@dn/M) 0<n<M
0 otherwise

Rectangular

Blackman:w(n) :{

wn]

1.0

0.8

Hamming

0.6 === === Hanning

~———+— Blackman

== Bartlett

0.4

0.2

!
i
|
i
|
|
i
1
i
I
i
I
i
|
i
i
|
[
i
|
I

M

2

Figure 7.29 Commonly used windows.

Hanning vs. Rectangular  Hamming vs. Rectamguéackman vs. Rectangular
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Example: Design a 17-tap low-pass FIR digitaéfidvith Hamming window to
approximate

|t |< 015
H(r) =
0 015<|r |< 05
Step 1. Inverse Fourier Transform
hd (nT) _ J-O.ISejZHnrdr :.i(ejOSIT _ e—j0.37T) :i3|n03ﬂn
015 j2m m
h, (T) = lim d(sin0.372n)/d(7n) — Iim 0.3cos0.37nn _
-0 d(rrn)/d(7rn) N0 1

03

h, (0) = 03 "
h (NT) = sin0.37n n£0 i . ._ \
m -5 & o
Step 2 & 3: Multiply by 17-tap Hamming window (M=8hd make it acausal. 0=
8

H,(2) = Zhd(nT)wh(n)z'n He =2 Hye(2) \J\j 2 M <]

—
TABLE 9-2
Filtar Weights for FIR Low-Pass Filter (f,=0.15£,)
Unit Pulse Response Hamming Window Unit Pulse Response
with Rectangular Funetion, with Hamming
H Window, A(nT) w,(nT) Wwindow, w, (nDh(rT)
-8 0.037841 0.0 0.003027
=7 0.0140582 0115015 0001616
-6 (031183 0214731 0.006096
-5 —0.063662 0.363966 —{L023171
-4 —0.046774 {154 —0 (25258
-3 0.032788 0716034 0.023477
=¥ 1151365 0.865269 (0.130972
1 0257518 0964985 1.248501
0 0.3 1.0 N3
| 0.257518 0964985 1).248501
2 .151363 0.R6526Y (0. 130072
3 0.0327H48 (1.716034 0.023477
4 —0.046774 .54 —(L025258
5 —0.063662 0363966 —0.023171
6 —0.031183 0.214731 —{(.00R6YA
7 0.014082 0.115015 00616
o]

(1137841 0.0% (L3027
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L0
Ideal filter reap
p——"=Filler response with rectangular window
08 =
0.6 f=
5 04
i
-
02
Filter with
Hamming window
0.2
0 I ! SN AT
0l \/ W AIRY AT
0.2 -

Narmalized frequency « = f/f,

FIGURE 9-31. Amplitude response of digital low-pass filter. (The negative portions are shown
negative for convenience.)
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