EE 422G Notes: Chapter 6 Instructor: Cheung
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Example 1: A High-Pass Filter with zero initial condition
Assume IC=0

Building System with L aplace Transfor m
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Input Output Y X(s)
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For any input X(s), we can compute Y(s)=H(s)X(s). vé# this output response
the Zero-State Responsk another words;i(s) describes the functionality of this

high-pass filter. I\W-[-W\Dd;m dug. to the input ALONE

This concept applies to more than just circuit: System

Example 2: Armature- Controlled dc servomotor (Example 6-15 ir)tex
Input : E(armature voltage)

Output £ (angular shift) Zm
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Key guestions to ask:
1. How to find and understand H(s)?
2. How to choose appropriate components so that the systeablis™st
3. How to compute the frequency response (~spectrum anglyzer
4. How to combine multiple systems together?

Definition of a Transfer Function

Quantitative Description on how the system processmput to form the output:

Transfer Function H(s), in Laplace transform

X(s) Y(s) Y(s) = H (s) X(s) |zero initial conditons
—= H(s) —= Single-input single-output system: (SISO system)

H(s)= % lzero initial condition

Later we will show how initial conditions can be introddice

All linear systems can be described by an ODE:

q;y(t) Jd(” RO o M A\b@ p-t
t + ...+
Q dt" U dt" 1 ﬁzﬁﬂ ( ) m dt m m—1 dt m-1

LA
constoct et .
Taking the Laplace transform ardsume zero initial conditions

as'Y(s)+a _s"Y(s)+...+a,Y(s)=h s"X(s)+h _S"X(s)+...+ b X ()

b s"+h s”‘1+ .+,
Y(S) = as+a 4. +a X(s) or oD E

b,s"+h, S +...+ b, /
Y(9) = H(S)X(8) whereH )= e e todar functim ol s,

Q,L‘wu{s be o g
Remember product in s-domain corresponds to cohwalin time-domain. Thus
the differential equation can also be written mditdomain as a linear filtering!
t
y(t) =J><(T)h(t —7)d7 | whereh(t)=L"(H(s)) is thesystem impulse response

0
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Non-zer o initial conditions

This again:
d™y(t d™Dy(t d™x(t d™x(t
@ K 0 ray0=5, 20y 200 o)

Assume the initial state of the INPUT is zero as we=Hall control over it:
x(0) = x®Y©0)=...=x"P(©0)=0

In many occasions, the system’s initial states mayeaoessarily be zero.
It is easy in the Laplace transform to incorporateahdonditions. Recall from the

differentiation theorem, we have onidind conditions
" M
L|: Ccijt” :| = S”Y(S) — Sn-ly(o—) _ Sn—2y(1) (O—) - Sy(n—2) (O—) _ y(n_l) (O_)

= s"Y(9) —m orderpolynomialbasedninitial conditioné(
where Y(0) denotes the i-th order time derivature of y estdd at t=0

Applying this rule to our differential equation (*gand grouping all the terms based
on the initial conditions together:

a,s"Y(s)+a,,S"Y(S) +...+a,Y(s) — polynomialbasedninitial conditions

—b,S"X(9) +B,,8"IX (9 +..+ B, X(9) Tt > tha
dt(-jf‘u B
Ans - n—\
Let C(s) = polynomial based on the initial conditié®What is the degree of C(s)?
m m-1
Y(s) = bmsn +bm_lsn_l +...+Dh, X(8)+—— C(ns_)l
as'+a S +..+ta, as'+a S +..t+a,
= HEX(9)+ cts)

as'+a st +..+a
= Zero-stateresponse Zero- inputresponse
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Thus, there are\WO COMPONENT&to the output response
1. Zero-Sate Response (ZSR) or H(s)X(s)
— ltis called ZSR because it is the output responseeodybtem if the
initial state (condition) is zero.
C(s)
as"+a st +..+q,
* |Itis called ZIR because it is the output response@stistem if the
input X(s) is zero.
* Notice that it has the same denominator as the trafusfetion,
implying that its ROC is the same as the transfertfioncWe are

going to use this factiat T Provided Tt s o
P&QLCMCJ-L':LM

Separating the output response into two componentsrindbaed solely on input
and initial conditions allow us to infer unknown initial clitions given a specific
input. We will see an example in the homework.

2. Zero-Input Response (ZIR) or

Do not confuse ZSR and ZIR with another type of categasizaif output
response:

1. Transient Response — The part of the output response that approaches 0 as
t>00
2. Forced (or Seady-Sate) Response - what remains in the output a3 d

Let’s illustrate their differences with the followirmxample:

Example 6-7 + Ve

1*-order High Pass Filter [ ~ ‘+
Input v_(t) = 5cos@t)u(t) Vett) ¢ R Yet)
Outputy(t) = vg(t) = 5ot
Initial capacitor voltagev,=-1 Ut*é) ) _ -
RC = 1 second
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Find total response

V(9 =12 L+ 4y

S

Y(s)(icsﬂj v (9L

Y(S)( . j K\Q_/7 ZSR

v, ZIR
s+1

L—~ H(sy | Trcwq-pw TC'E
It is clear from the ‘first term is ZSR and the secendIR.

Note that | didn’t subsitute,=-1 andVs(s)=5s/(s+4) in the very beginning of the
calculation. If I do that, | will obtain the output
2 —
Y(s) = 4(s 21)
(s+1)(s” +4)
and | would have no way of differentiating the two congrus.

Y(s) = (—v (s) -

(1) Find zero-input response and zero-state response

Vo

Zero-input responsé-:_l - S+J =-ve"u(t) =etu()

-1 S -1 55
] A=V (s L E'i
Zero-state responsé: orl s( )} [54.1 s? +4}

Apply partial fraction expansion, we got
S 5 _ 1 -2-j -2+j_ 1 +23—2
s+l +4 s+l s-j2 s+j2 s+l s*+4

L-l[s_jl GSZSTSJ = [e" +4cos2t - 2sin2t]u(t)

(2) Find transient and forced response
Combining ZIR and ZSRY(t) =[2e™ +4(cos2t) — 2(sin2t)]u(t)
Transient response: Which terms go to zerecas?
Steady-state response: Which terms do not go toazert> «?
Answer: Transient response2eu(t)

Steady-stte responsg4zoset) - 2sin(2t)]u(t)
They are clearly different from ZSR and ZIR.
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