EE 422G Notes: Chapter 6 Instructor: Cheung

More about ZSR and ZIR

1. Finding unknown initial conditions:

Given the following circuit with unknown initial capacitooltage v(0):

v(0)/s
o ° = HS =
Input Output X Y(s X(s)
X() 109% v =) X(s) 10[] Y(S) 10
> ° ° ° 10s+1

Simple mesh analysis yield

Y(s) ,vO
X(s) = 05 - +Y(9)
10v(0)
(S)_los 1 X(9)- 10s+1

Immediately, we know that the transfer function H(s) is

10s
H(s)= 10s+1
and the ZSR and ZIR are respectively
10s
\/ Y,x(8) = T 10s+1 X(s)
_10v(0)
ZIR() 105 1

So, if you use a step functiott) = u(t) as input, you get an exponential decay

output y(t):%e’/mtu(t) — Tt V%W = Yzse_ ™ sz

—

fot
T(ﬁ) - iﬁ‘j&) Of[ﬁ ' ult )J Y +/O lobsf l
X(8) = LLx6)) = [u(:t]} :_\Jg

| O 1 1O vlo)
) PN (o2 S R
)= Yosel® + Yzze S 05+ 3 0< < |

_ [O B lOJ(o)

T Lol 1D S+

los +) los~ |
=> (O[l~v®)=5 = ve)=2 v
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2. Find out about an unknown system:

X(s)—/>| H(s)andunknownIC — Y(s)

How do we find an unknown system and initial conditions?

Answer: Input a test signal and measure the outputu$é@ehe 1/O relationship to
figure out the system

Example: The output of the systenig) = 1Of+

=

for an inputX(s) = -:
W* '{'akﬂ (wt= ‘J‘L—l G‘C'u-\j:-
Y(S) Bs _ 55 o /.-— ft‘lut_, L_N‘“AL: CWD\MB\\J

So, is the transfer functioH (s) = l‘
X(S) 1OS+1 W H(ﬁ) ) Z@w 16/

NO, we’ve forgotten the Initial Conditions!!
It should be clear that ONE pair of I/O signals will notsodficient, we need two.
Why? As we have learnt, the total output response oftasyis

Y(9) = H(9X(g)+ =
D(9)

If we have two I/O pairs, we have

Y,(9) = H(9)X,(9) + &

D(s)

Y,(9 = H(9)X, (s)+C§S; @)

Subtracting (2) from (1) eliminates the initial condiscand obtains the transfer

function:
_ Yi(9)-Y,(9)
S -%, g

The initial conditions can then be computed by substguti(s) back to (1) or (2).

@

Try the above example again with another 1/0 paxr&) =1andY(s) = igi:j
x(s)__l Y. (8) = 5 t._o.-g-*-—t"—-_.-g__. ~L05-1
{ -5 ! 105+t = HLS) — 1St 0§ +| _ loS—+ |
X0 = | )= L—g—gi - < =
/ LUsT) (los-1) S
—  (tost\)(s-v)
los+¢ o) (l0s-1)s CG)
NE) s —— = HOXO « 7 = 1L+t —=
Log—= \) ) OOS*")(.S') (10 §+\)(§_\> Page 6-20
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Stability of systems
We first need to introduce the concepts of BOUNDED aRANSIENT signals.
There are two types of well-behaved signals:

1) Boundedx(t) < M < for all t.

2) Transient:lim, _ x(t)=0
Are these signals bounded? Are they transient?
1) 4(t) Tramse A, N bl
2) cost)u(t) Nt v, Bt
3) tsin(t)u(t) Vet tom , B NA Bebd

4) e'u(t)

5) €e'u(t) !
Answers: %
1) a(t) Not bounded and transient
2) cost)u(t) Bounded and not transient
3) tsin(t)u(t) Not bounded and not transient
4) e'u(t) Bounded and transient
M Not bounded and  not transient Eécl“\“’*i the

t\\f\»“\ CV\M»
/"7 AXNS %
A sufficient condition for a signal to be a transient alg%
The poles on its Laplace Transform must be o@opemiﬁfplane.

| Can you tell from their Laplace transform@‘é,/;/

This condition is the same as saying the ROC containsndnginary axis.

. A —
= tr:e ROC contains the origin b K/y
:>j0|x(t)|dt<oo y
=Ilm, , x()=0 . _—»
Htransner Z =

A bounded signamust satisfy the following two conditions:

)
1. Its Laplace transform must be proper. g
Le. if X(s) :gx—g , degreel, (s))<degree0, (s))

X

2. The poles must either be
a/ on the open left half plane or
b/ on the imaginary axis AND simple (i.e. multiplicityl¥

\ - l \/ ~—L =_ —*‘L‘;_— 2 >< §
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Reason for Condition:1
Considep(t) L[d(t)]=1 is not proper.

For general X(s), if degresi( (s) )>degree0, (s)), applying long division:
X(s)=as"+a " +...+q, +[R;X—((z)) = L[X(9)] = 2,0 (t) + +a,,0" ™V (t) +...+ a,o(t) +...
Thus, x(t) is not bounded due to the delta functiory./

Okay for the LHP polas to hore mulbiphes
Reason for Condition:2 77 ° exporuticd  signed faster !
If all the poles are on the open left half plang, we ktlensignal decays to zero.

If there are poles on the imaginary axis, there are agex

[

Case 1: Poles are simple, i.e. multiplicity = 1 sush[aos(t)] = s/(6+1). In this
case, the signal is oscillating but still bounded.

Case 2: Poles are not simple, i.e. multiplicity > lhsas L{fsin(t)]=1/(&+1). In
this case, the signal is not bounded. N “PM“EJ envel

- b
Now we come back to study the stability of a system. > wnbrundect

All systems can be classified into stable or unstalilerd are three different types
of stable systems.

1. Bounded-Input Bounded-Output Stable (BIBO) System

2. Asymptotic Stable System
3. Marginally Stable System

Here is a Venn diagram that describes the classifitatio

Marginally Asymptotically

Stable Stable‘
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BIBO describes systems behavior subjected to general mpaiming zero initial
conditions.

Asymptotic, marginally, and unstable systems refer téahg-term behavior of a
system under any initial conditions but no input.

4 N
Marginally Asymptotically Unstable
Stable Stable

Recall: Given a systerf (s) - NS and inputX(s), the most general form of
’E:L(gwsfw'f‘w D(S) ‘A'_

output isY(s) = C(S) @}X(s)/f - SR
The first term is Qe ZIR a € second term is ZSR.

BIBO Stabilty 2 -

Definition: Assume zero initial state, a system H($BIBO stable if it outputs a
bounded output forny bounded input

A BIBO system H(s) must satisfy the following two cdimhs:

_NG©) NoT A s 2 P
Dif Hes big degreeli(s) < degreet(s)) ( ’ QFMMQK o{.)

2. The poles of H(s) must be on the open left half plane Pe)

&X(s) To ensure Y(s) is
D(s)

bounded, we need to check othln (X0

As there is zero initial condition, the output Y (s)u

© pry
" DGs) DGy Xyl M g @f;ﬂmc—t*”’ o
v ot gl ) < dogloi) Y 06) 1 @ b@w s @ fu-snis
LANS) & dfos) = Lylbo)o 400 ey " page 6-23
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1. degree[numerator of Y(s)] < degree[denominator of Y(s)]

degree[numerator of Y(s)] = degree[N(s)] + degree[nuroe@EtX(s)]
degree[denominator of Y(s)] = degree[D(s)] + degree[dendonimd X(S)]
Since X(s) is bounded, degree[numerator of X(s)] < degree[dentmofa
X(s)], thus all we need i$

2. Y(s) has either open left half plane poles and/or Isipples ong-axis.
As X(s) is bounded, its poles must either be on the opehd#fpoles or simple
on the imaginary axis. To ensure Y(s) = H(s)X(s) satistiee same criteria, all
the poles of H(s) must be on the open left half plane.
H(s) cannot have any pole on the imaginary axis, not ewgplesione because

the input X(s) might also have a simple pole at the daoaion and the
resulting Y(s) will have DOUBLE imaginary poles, makihgon-bounded.

Asymptotic Stable

Definition: Assume zero input, a system is asymptoticlstélit gives a transient
output forANY initial state

A system is asymptotically stable if all the polesh#& Laplace transform

1 areonthe open left half plane.
D(s)

=C)

This is easy. As there is no input, the output(s = e

. In general, Y(s) will
have the same poles %%5 unless there are cancellations of poles and zeros.|Thus

to ensure y(t) is transient, all we need is to enma’e% has open left half

plane poles.
Also, it is easy to see that BIBO stability Asymptotic stability.
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Marginally Stable

Definition: Assume zero input, a system is marginabiyok if it gives a bounded
output for ANY |n|t|al state

4 Vot
A system is aaélmp@m_r‘ally stable if all the poleshaf Laplace transform

% are either on the open left half plane or simple enirtraginary axis.

To ensurey(s) :% is bounded, we need to check:

1. degree[C(s)] < degree[D(s)]. This is always truee fage 6-15.
2. Poles of Y(s) are either on the open left half pam&mple on the imaginary
axis.

Also, it is easy to see that BIBO stability Asymptotic stability= Marginally
stability.

Unstable system

Definition: Assume zero input, a system is unstablegiMes a unbounded output
for some initial state.
An unstable system is a system that is NOT margirssdigle.

hfis) : )) £ p(sy
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Asmitte & BL&) hes  vby LHP @l
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