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Abstract

We present a solution for optimal triangulation in three
views. The solution is guaranteed to find the optimal so-
lution because it computes all the stationary points of the
(maximum likelihood) objective function.

Internally, the solution is found by computing roots of
multi-variate polynomial equations, directly solving the
conditions for stationarity.

The solver makes use of standard methods from com-
putational commutative algebra to convert the root-finding
problem into a 47 x 47 non-symmetric eigen-problem.

Although there are in general 47 roots, counting both
real and complex ones, the number of real roots is usually
much smaller. We also show experimentally that the number
of stationary points that are local minima and lie in front of
each camera is small but does depend on the scene geome-

try.

1 Introduction

Triangulation is a basic task in structure from motion,
which is clearly defined and has been thoroughly studied.
Finding the world point that minimizes the square-sum of
image reprojection errors is widely accepted as the standard
formulation. We refer to this as Lo-optimal triangulation,
or just optimal triangulation.

Optimal triangulation in two views was solved by Hart-
ley and Sturm [13], who gave a formulation that leads to
six stationary points of the objective function. The six sta-
tionary points are extracted as the roots of a sixth-degree
polynomial and the optimal solution is selected by evaluat-
ing the objective function.

It is natural to ask for the optimal solution for three or
more views. In photogrammetry and computer vision it
is accepted that three views often lead to greater stability
and stronger disambiguation of the results [17, 10]. How-
ever, optimal triangulation for three views has not previ-
ously been solved in closed form (that is, without resorting
to iterative methods which are not guaranteed to converge
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Figure 1. This paper presents an algorithm
for optimal triangulation in three views. The
algorithm is guaranteed to find the optimal
solution, and can be used as a “black box”
that accepts three image observations and
camera poses and returns the optimal world
point.

to the global optimum).

This paper presents a solution for optimal triangulation
in three views. The solution is guaranteed to find the op-
timal solution. The solution can be used as a “black box”
that accepts three image observations and camera poses and
returns the optimal world point.

Internally, the solution is found by extracting the roots of
a set of multi-variate polynomial equations. The roots cor-
respond to stationary points in the objective function for tri-
angulation. As in the two-view case, the optimal triangula-
tion (among the finitely many stationary points) is found by
straightforward evaluation of the objective function. There
are 47 roots in total if we count real and complex solu-
tions. They are found in three stages: firstly we compute
a Grobner basis for the polynomial equations, secondly we
compute an ideal quotient to eliminate spurious solutions
and thirdly we construct a so-called action matrix of size
47 x 47. The action matrix can be thought of as a gener-
alized companion matrix and its eigen-decomposition gives
the roots.

The paper is organized in three parts. The first part is
introductory and explanatory. The next part (starting sec-



tion 4) is the “technical heart” with details for the interested
reader. The last part (starting section 6) consists of an ex-
perimental section, discussion and conclusion. For a quick
first reading, one could skip the central technical part.

2 Redated Work

Triangulation has been used for a very long time in pho-
togrammetry and is a basic tool in structure from motion.
Traditionally it has been carried out by some simple (“lin-
ear”) but sub-optimal procedure and is then refined to per-
fection by local optimization [25], where one typically min-
imizes the mean square errors of the image reprojections.
A drawback of this is that convergence is not guaranteed.
Hartley and Sturm [13] gave a procedure for optimal trian-
gulation of a point seen in two views with known projection
properties. Optimal here means a point that minimizes the
mean square error, or Lo-norm of the reprojection errors.
The procedure extracts the roots of a sixth-degree polyno-
mial to find up to six stationary points, which are subse-
quently checked with reprojection to find the optimal point.
One of the strengths of the above procedure is that it is
projectively invariant, which is important when performing
projective reconstruction.

A procedure for minimizing so-called directional error
in two views was given in [22]. Although this procedure is
not projectively invariant it can safely be used for calibrated
cameras. It is also more computationally efficient since it
only requires the solution of a quadratic polynomial. A bal-
ance between the two was given in [20], where optimal tri-
angulation in two views according to L..-norm was solved.
The procedure extracts the roots of a quartic polynomial and
can therefore be carried out efficiently in closed form. It is
projectively invariant and effectively keeps the reprojection
errors equal in the two views. In [12] it was shown how to
solve triangulation with L..-norm for any number of views
as a convex optimization problem.

Although these triangulation problems are considered
mainly when the camera positions are known, it is also of
interest to know the triangulation error when solving for the
cameras, since the triangulation error is used in scoring po-
tential camera configurations. However, for efficiency rea-
sons this is most often done with a sub-optimal approxima-
tion since the procedure has to be carried out a multitude of
times and would otherwise become a bottleneck, see for ex-
ample [27] for the case of two views and [24, 21] for three
views.

Our solver is constructed using techniques from compu-
tational computational commutative algebra [4, 5, 16, 8, 9,
18]. Such techniques have been used to some extent to ex-
plore geometry problems in computer vision [6, 14, 15, 3,
23]. A common problem when applying these methaods in
floating point is that round-off errors quickly accumulate

and it can be difficult to decide if a given coefficient should
be zero or not. Our approach differs slightly from the naive
approach in that we first determine the sequence of elim-
inations to be carried out, by doing the computations ex-
actly over a finite field (using the computer algebra system
Macaulay2 [16]). Once the sequence of eliminations has
been determined, we implement them in floating point us-
ing matrix operations. This has the advantage that we can
use numerically stabler orthogonal pivoting instead of sim-
ple Gaussian elimination.

3 Objective function

We are given three 3 x 4 projection matrices P, Py, P
and three image points x1, X2, x3. Given a 3D world point
X we project it to the images and compute the distances
d(P;X,x;). The objective function that we want to mini-
mize is the sum of squared distances:
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By translating image coordinates we may, without loss of
generality, assume that each image point x; is at the origin.
Then the terms of the cost are:
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where P;(r,:) denotes the rth row of P,. For a stationary
point of the cost C we require
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for each j = 1,2, 3, 4. Multiplying these equations by suit-
able denominators gives polynomial equations in the four
unknowns of X and these are the equations that we solve in
this paper.

This approach may seem unwieldy and to simplify the
algebra we choose a particular coordinate system in which
the last rows of the camera projection matrices are as fol-
lows

Pi3:) = [1 0 0 0],
P2(3,:) = 0 1 0 0 |and 4)
P3(3,:) = [0 0 1 0]
We call the homogeneous coordinates X = (z,y, z,t) and
consider the equations
C, = y:Oz:Ot:Oa (5)

where subscripts denote partial derivatives.  Multiply-
ing these four functions by z3y222, 22y322, x2y%23 and
x2y222 (respectively) gives polynomial equations that are



homogeneous of degrees 6, 6, 6,5 (respectively). Because
C'is a homogeneous function (of degree 0) it follows (for
example, by “Euler’s Homogeneous Function Theorem”)
that

tCy + 2Cy +yCy + 2C, =0, (6)

and so the polynomial equations are not independent: the
quintic equation can be obtained by adding the three sextic
equations and dividing by ¢. For this reason we ignore the
quintic equation. Also, to remove the scale ambiguity of
homogeneous coordinates we set ¢ = 1 and work with non-
homogeneous coordinates z, i, z from now on.

In summary, we have reduced the problem of finding sta-
tionary points of C to that of solving three simultaneous
polynomial equations of degree six in the variables x, y, 2.
There is some discernible structure in the coefficients of the
equations but we do not give them here for lack of space
(they can in any case be computed easily with a symbolic
computer algebra program such as Maple). We are only in-
terested in solutions with x, y, z # 0 since the vanishing of
a variable corresponds to a point on the principal plane of a
camera.

The solutions to our three sextic equations can be
thought of as forming a subset of C3. Exploration
with the computer algebra system Macaulay2 [16] shows
that (and this can be verified with pen and paper but
we do not have space to do so) the subset consists of:

e 47 isolated points with zyz # 0,
o the three camera centers and
o the union of the three coordinate axes.

See Figure 2 for an illustration. Since only the 47 solu-
tions are of interest to us, we need a way to suppress the
unwanted solutions that have vanishing coefficients. This is
addressed in the next section.

4 Algebraic background

Computational commutative algebra is a big subject and
there is not space in this paper (or even in a much expanded
version) to give a self-contained treatment. Luckily there
are good sources that give complete treatments of the tools
we use, for example [4, 5, 7].

The reader should know about (polynomial) rings and
ideals, monomial orders, the notion of leading terms and
Grobner bases. The connections between polynomial equa-
tions, the ideal they generate and the zero-set (variety) of
the ideal will also be important.

We generally work with graded reverse lexicographic or-
der (GREVLEX) because it tends to require less computa-
tion than obvious alternatives such as simple lexicographic
ordering and turns out to be convenient for the ideal satura-
tion we carry out below.

An outline of the story in this section is as follows. We
have three polynomial equations f1 = fo = f3 = 0in

Figure 2. Diagrammatic picture of the zero-
set, in 3D, of the three sextic equations. The
solid lines are the three coordinate axes, the
fat grey points are the camera centers and the
small black points represent some (the real
ones, say) of the 47 solutions that we want to
find.

three variables x, y, z. We replace these equations with the
ideal I = (f1, f2, f3) that they generate. As mentioned
in the previous section, this ideal admits (infinitely many)
solutions that we are not interested in because they lie on
the locus {zyz = 0}, which is the union of the principal
planes of the cameras.

To remove these solutions we replace the ideal I with its
saturation

J=sat(l,f)={p| ffpeIforsomek >0}  (7)

with respect to xyz. This is an ideal that has the same solu-
tions as I, except for those that lie on the locus zyz = 0
(technically, the saturation removes from I any primary
component supported on the zero-set of the ideal (zyz); see
[1] for material on this). Intuitively, the equations in the sat-
urated ideal are those vanishing conditions p that together
with f account for the vanishing conditions in I, and this
explains why we get an ideal which does not vanish where
f does.

Having arrived at an ideal with a finite number of so-
lutions (47 to be precise) we follow a standard recipe [5]
for computing the solutions via an eigenproblem: Consider
the quotient ring R = C[z,y, z]/J, which will be a vec-
tor space of dimension 47. A basis is furnished by the set
of monomials w;(x, y, z) that are not divisible by any lead-
ing term from (a Grobner basis of) J. These monomials
are gathered in a vector u(z,y, z) of length 47. Any ele-
ment of the quotient ring can now be represented by a linear
combination of the elements of u(z, y, z). For any polyno-



mial f, multiplication by f gives a linear operator on R
and so it has a 47 x 47 action matrix A with respect to
the basis of monomials. The basic fact we need about this
is that if (x,y, 2) is a solution to our ideal, then u(x, y, z)
is a left eigenvector of the action matrix Ay, with eigen-
value f(z,y, z). This means that the 47 left eigenvectors of
the action matrix A, are (scaled) versions of the monomial
vector u(z, y, z) evaluated at the 47 solutions.

Note that we have the freedom to choose a suitable poly-
nomial f. Given a Grobner basis for .J, it is straightforward
to compute the action matrix corresponding to any polyno-
mial, but with GREVLEX order, the monomials x, y, z (the
variables themselves) are typically present in the monomial
basis and so it is convenient to simply choose f = x. We
compute the action matrix A, and then read off the solu-
tions directly from the left eigenvectors.

5 Numerical scheme

To implement our method numerically we represent sys-
tems of polynomials as matrices where each row corre-
sponds to a polynomial and each column corresponds to a
monomial. Gathering the monomials in a vector X and the
coefficients in a matrix M, the polynomial equations can
be written MX = 0. In this representation multiplication
and division by monomials correspond to moving entries
between columns.

For a given system of polynomials, we generally list the
monomials in decreasing order (highest degrees first), so
that leading monomials come first in each row. Using row
eliminations we can put the matrix into upper echelon form,
in the process discovering linear dependencies among gen-
erators and exposing leading terms of our ideal.

There are several figures in the paper showing the spar-
sity patterns of the matrices intermediate in the algorithm.
The intricate sequence of sparsity structures is an impor-
tant property of the problem (or ideal) that would be hard
to determine in floating point arithmetic because of the dif-
ficulty of deciding whether a given coefficient should van-
ish, or is merely very small. To overcome this problem, we
determined the sparsity patterns ahead of time using sym-
bolic calculations over finite fields, where arithmetic is ex-
act. Once this “template” of eliminations was determined,
we ported it to a floating point implementation written in
C++.

Standard methods for computing with ideals, such as
Buchberger’s algorithm [2, 4], correspond to certain fixed
sequences of row operations that take into account only
whether leading coefficients vanish or not. These methods
generally assume exact arithmetic and in effect carry out
eliminations in a fixed order and without any pivoting strat-
egy. In contrast, we are working with floating point arith-
metic and need to use a numerically sound pivoting strat-

egy. We implemented both LU-like pivoting (where a pivot
is sought to be maximal in its column) and QR-like orthogo-
nal row operations (Householder reflections) to reach upper
echelon forms. For most purposes it suffices to reduce the
matrix to upper echelon form, but to make our action matri-
ces we require a submatrix that is an identity matrix and for
this we used LU / Gauss-Jordan elimination.

Initially, we have a system of three equations of degree
six. After elimination we arrive at a matrix with the sparsity
pattern shown in Figure 4, corresponding to degrees 6, 6, 5
(the new quintic is actually the quintic that we ignored in
section 3). This system corresponds to the ideal I whose
saturation J = sat(I, zyz) we will compute. The satura-
tion is computed in three steps at the end of which we get a
Grobner basis for the saturated ideal .J.

Camera matrices
and image points.

i i

Action matrix.

Sextic equations. )
47 solutions.
| i
GB of saturated . .
. Optimal solution.
ideal.

Figure 3. Data flow for the solver.

Partial saturation step

Each of these steps picks a permutation x4, x2, 23 of the
variables x, y, z and follows a recipe (to be given next) to
produce new ideal generators. A full round of partial sat-
uration consists of applying the partial saturation step for
each permutation of x,y, z to the same input ideal. The
recipe is described next.

We are given an ideal I; with generators of degrees 5 and
6. We wish to compute and include some of the polynomials
of sat(I;, z1) to form a new ideal ;1. It turns out that we
can arrange for I, to also have generators of degrees 5
and 6.

We multiply the generators of I, with all possible mono-
mials in o, x3 such that the result has degree at most 7.
These new generators are added to the old generators and
monomials (matrix columns) are ordered in increasing de-
gree of 1. A row elimination step is carried out and any
generator divisible by z; or 22 is divided by this factor.

For illustration, the system before elimination is shown
in Figure 8. The lines in the figures show where the degree
if 21 change.



The corresponding systems after elimination are shown
in Figure 9. Careful scrutiny of these figures shows there are
polynomials divisible by 1 and z%. The possible divisions
are performed and this is how new polynomials are added
to the generator sets.

Complete satur ation process

After the first round of partial saturation the system is as
shown in Figure 5. This system has full rank and we gain
no additional equations of degree five by elimination.

This set of equations is taken into the second round of
partial saturation, the result of this round have a large num-
ber of linearly dependent equations so we perform linear
elimination on this system, the resulting system is shown in
Figure 6.

These equations we take into a third round of partial sat-
uration and the resulting equations are eliminated to get a
system with a diagonal as shown in Figure 7. This ma-
trix contains 37 polynomials which constitute a GREVLEX
Grobner basis.

From the last matrix the action matrix A, for multipli-
cation by z in the quotient ring Clx, y, 2]/ sat(I, zyz) is
extracted, simply by copying partial rows.

6 Experiments
6.1 Eigensolver and numerical precision

To compute the eigenvectors of the 47 x 47 action matri-
ces from the previous section, we used the standard method
[11] of reduction to Hessenberg form followed by implicit
double-shift QR iterations to reach a real Schur decompo-
sition. From this it is easy to extract the real eigenval-
ues and eigenvectors (complex solutions are of no interest).
All arithmetic is carried out in high-precision floating point
with 128 bits of mantissa, using the MPFR library [19]. The
use of the high precision numerics is very costly in terms of
computational time and our running time is 30s.

6.2 Reality check: Oxford dinosaur data

Although we have validated the correctness of our
method on synthetic data (where the right answer is known)
it makes sense to try it on a standard real data set. We chose
to use the well-known Oxford dinosaur [26] reconstruction
with 36 camera matrices and 4983 point tracks. For each
point track extending over three or more views we picked
the first, middle and last frames and applied our triangula-
tion solver to those three cameras to get a 3D point. (Note
that this means that different points may be reconstructed
using different cameras.) There are tracking errors in the
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Figure 4. System after first elimination. The
first 27 monomials (box) are of degree 6.
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Figure 5. System after first round of partial
saturation. The system has full rank so no
elimination are used.

073,

Figure 6. System after the second round of
partial saturation and linear elimination, no
linear elimination is applied to the 8 polyno-
mials of degree 5.
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Figure 7. After the third round of partial sat-
uration and an elimination step we have a
Grobner basis.
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Figure 8. The expanded equations of one of
the partial saturation steps of the first round.
The first 37 monomials are in z{, 38 to 65 in
z{ and the remaining in at least z3.
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Figure 9. The reduced system during a step
in the first round of partial saturation.




data and we suppressed any solution with a reprojection er-
ror greater than 2.0 pixels in any of the three images. The
final result is 2577 points in 3D and a view of the point
cloud reconstruction is shown in Figure 10.
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Figure 10. A view of 2577 points triangulated
from the 36 cameras from the Oxford dinosaur
reconstruction.

6.3 Synthetic data experiments

These experiments were designed to gather statistics on
typical behaviors of the cost function and the solver. We
randomly generated about 200,000 camera and 3D point
configurations and added synthetic noise to the projected
image points.

6.3.1 Camera geometries

The camera geometry we tested is a “turn-table” one, where
the three cameras are approximately situated on a unit circle
and view a 3D point about two units away, illustrated in
Figure 11.

Images were taken to be 512 x 768 and focal length was
taken to be 1000 pixels. The unperturbed cameras look di-
rectly at the origin, and a random perturbation of orienta-
tion with standard deviation of about 4 degrees was applied.
The camera positions were also perturbated by normal noise
with standard deviation 0.05 units. The 3D point was per-
turbed by an isotropic normal distribution with diagonal en-
tries 0.1. Artificial normal image noise with standard devi-
ation of 0.5 pixels was added.

We varied the “vergence angle” (the angular increment
in the turn-table motion) from 5 to 10 to 20 to 30 degrees.

0
05 1

Figure 11. One example of the turn-table cam-
era geometry used for experimental evalua-
tion. The “vergence angle” (here 30 degrees)
between consecutive views is varied in the
experiments.

6.3.2 Numerical stability of the solver

To judge the numerical stability of the solver we started a
local optimization at each real stationary point, and com-
pared the smallest (over all real solutions) cost before and
after. We found there was almost no drop in cost, which
shows that the solver does accurately localize (local) min-
ima. Statistics are shown in Figure 12.

6.3.3 Comparison with “linear” estimate + bundle

The natural competitor of our method is to initialize a 3D
point using a “linear” method based on SVD of a 6 x 4
design matrix, followed by direct local optimization of the
cost. We tested this approach on each random camera con-
figuration generated, to see how often it yielded the global
optimum. Figure 13 shows the difference that we get in cost
with this method, compared to our global method.

6.3.4 Classification of real solution types

Every real solution X is further classified by two criteria.
Firstly, as it is a stationary point, the cost has vanishing
derivatives there but it might be a saddle point and not a
local minimum. So we evaluate the Hessian of the cost
function at X, and record its signature (signs of eigenval-
ues). There are three cases: + + + which corresponds to
a local minimum, + + — which is a saddle point, + — —
which is also a saddle point and — — — which is a local
maximum (this would seem to be a rare case but there is
no reason a priori why it could not happen). Secondly, it
is determined whether the 3D world point lies in front of



each camera, or not. For a given camera setup this divides
each real solutions into eight categories, summarized in the
following table.

vergence 5° vergence 30°
in front | behind || in front | behind

minimum: + + + 67759 | 14056 45835 | 36691
saddle I: + + - 94 1207 120 1818
saddle Il;: + - - 0 0 0 0
maximum: — — — 0 0 0 0

The numbers show total numbers of solutions of each type,
for runs of 200,000 camera geometries. Only the results for
vergence angles of 5 and 30 degrees are shown, but other
angles gave very similar results. For practical purposes, the
most interesting statistic is the top left cell, which is the
number of local minima in front of each camera. A method
based on local optimization would have to correctly choose
the right one so it is of interest to know how many such
minima to expect. This is shown in Figure 14.

x 10

frequency
=
= v
T

o
o
T

5 9 10 11 12 13
number of local minima in front

frequency
=
N @ N
T T

o
o

i .

. . . . . . .
1 2 3 4 5 6 7 8 9 10 11 12 13
number of local minima in front

Figure 14. Histogram showing the number of
local minima in front of each camera, col-
lected over a run of about 200,000 camera ge-
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Figure 12. Histogram of absolute value of
drop in cost as a result of local optimization,
taken over about 200,000 camera configura-
tions. The result is for a vergence angle of 5
degrees but is typical of other angles too.
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Figure 13. Histogram of absolute value of
difference in final cost between our global
method and the baseline method of “linear”
estimate followed by local optimization. The
result is for a vergence angle of 5 degrees but
is typical of other angles too.

ometries. The vergence angle was 5 degrees
(top) and 30 degrees (bottom), respectively.

6.4 Discussion

We have shown experimentally that our method works
well on both real and synthetic data. From the statistics
gathered for turn-table geometries we make some observa-
tions: Firstly, we did not observe a single local maximum,
or saddle point of type + — — in any of the 800,000 runs
that we did. Secondly, the number of local minima in front
of all three cameras is typically in the range 1-5 but it can
be as large as 13. Thirdly, smaller vergence angles tend to
have more local minima, as one might expect. Fourthly, lin-
ear initialization followed by local optimization found the
global optimum in all cases that we tried.

7 Conclusions

We have given a closed-form solution for optimal trian-
gulation in three views, a classical and previously unsolved
problem. Previous solutions were based on local optimiza-
tion and came with no guarantee of global optimality.

The solution was built using standard tools from com-
putational commutative algebra, directly solving the condi-
tions of stationarity. Previous uses of polynomial equation
solvers in computer vision have tended to focus on “mini-
mal cases” where the number of unknowns equal the num-
ber of constraints. In contrast, in this paper we solve an
overconstrained (maximum likelihood) estimation problem
in closed form.



A benefit of our approach is that it gives statistics about
the problem that were never available before. For example,
how hard is three-view triangulation really? In this paper we
showed that even when cheirality is enforced, there can be
multiple local minima of the cost function, and we have re-
ported how many there can typically be. On the other hand
we have shown experimentally that, in the turn-table setups
we investigated, the classical approach of “linear” initial-
ization + bundling gave the global optimum in all cases.

We have validated through experiments that our solu-
tion procedure is numerically sound. Future work will con-
centrate on improving the numerical stability and compu-
tational efficiency of the method. The goal would be an
IEEE double-precision implementation that runs in a few
milliseconds, obviating iterative methods based on local op-
timization.

A limitation of our method is the assumption that the
three principal planes are distinct (this was necessary to
make the simplifying change of coordinates). The case
where two or all planes coincide is important as a model
of the case where they nearly coincide, and it would be pos-
sible to explicitly treat that case by the same methods as
used here.
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